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é ' Modularity (Q) piag owatpeong

Q = #(aKuwv evToc groups) - E(#(akuwyv evTOC groups o€ £va
RANDOM ypd@nua he Touc idloug Babuouc KOuBwV))

Trivial division: 6Aol o1 kéufol o€ Eva group

==> Q(trivial division) =0

Ki = BABUOG KOUPoU |

M =Dk = 2|E|

Aij=1eav (i,))eE, 0 ariwg

E; = avapevouevog aplBuog akuwv
LMETACU | KaI | o€ €va random ypag@nua
LE TOUC idloug Babuouc.

Anupa: E; ~ ki*k; / M

AKUEG METACU groups
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s AAyopiopog 1: Alaipeon oe 0UO groups

Q = 2(A; - k*k/M | 1,] aTo idIO group)

* 'Eotw ot exoupe n xopBoug {1,...,n}
* s - {£1} ovavuopa peyeboug n
Avarapiotoupe pia 2-ovalpeon:
* 8, ==s; 1ff 1 Kai ] Bpiokovtal 0To 1610 group
* Y (s"s;it1) = 1 eav s;==s;, 0 aAAiwg
1 k; k.
- = |Q =3 > (A ) (sis; 1)

2]
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. »« AAyop1Bpog 1: Avaipeon oe 6Uo groups

M

1 kil
Q=3 D (A= =) (sis; + 1)
i

1 Apou Zz,j Azj = Z@ ]fz = M

1 ki K
— 5 Z(Az'j - WJ)S@SJ

i)

B = o modularity Trivakag

- OUMMETPIKOG
1 -row sum =0
AN

Q)

1 “] ]f]f ' 0 €ival pia
— STBS OTTOU B@J p— A@J ¢ eigvenvalue
2 M Tou B
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IIivakag modularity : Ilapaoevypa

]61:]{2:1,

‘ ks =ky = k5 = 2
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Mo Oeccoliog
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I uNel,

ﬁ - AAyop1Opog 1: Avalpeon oe 0UO groups

B ouppeTpIKOC = B diaywviotroinoiuog (real eigenvalues)

B eigenvalues B avrtioToixa eigenvectors
1 2 Pp 2 - 2 Op U1, W2, . .. Wp| | BU; = [
1 1 5
Q) = §STBS ‘ Q = B) E Bia;
2

— L
where a; = UW; =S [s = Zi aiui} n:”S”z :Zaiz

ITola Svavuopata peylotorolouv to Q7

* IIPO@AVKE S ~ U; peylotorolel o Q, aAAd u; pmopel va pnv etvau {1}
olavuoua

* AmAnoto euplotiko: emAoyn s ~ ul: s.=+1 1f u>0, s.=-1 adAwwg

Tu. HMMY, Iovemiotmo Osccariog



£ N
Algorithm 1 Dividing into two modules

Input: A network with n vertices, n > 1
1: Compute the leading eigenpair, w, and 3y, of the modularity
matrix B.
2: if 3y 1s positive then
3:  Compute the vector s = (s1,592,...,5,) with s; = +1 if the

corresponding element i w; 1s positive, and s; = —1 other-
wise.
4. if s' Bs is positive then
5: return a division of the vertices into two groups according
to the signs of the elements in s.
6: else
7: return the network 1s indivisible 1 7
8:  end if () = 9 Bs
9: else |
10:  return the network is indivisible Q= = Z Bia;
11: end if 2 i
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= Awailpeon oe mIeplocotePa aro 0Uo groups

* Ilo¢ va xavoupe Olaipeon og meploooTePa Ao OUo
groups?

 Eopapuoyn tou alyopiOuou avadpouikrd oe xabe sroup

1 ok,
Q=3 > (A — 7 sisi 1)

1.j \——r e . .
Bij O|1% =1 iff i kai J €ival oTO id10

group, 0 aAAIwg
B | >
‘ Alaipeon evog group

==>evnuepwon Q

{i,j} Ceuyn TTOU TTPETTEI VA
evnueEPWOOUV oTo Q
Tu. HMMY, [avemomupio Oeccoliog
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P =TT .

- Alailpeon og IeplLocoTEPA AIIO OUO Sroups

1 Eik;
Q=§Z(Aij iV —=)(sis; + 1)
¢ g— eval group pe n, Ké}lBOUS = Bij 0|1

* s —eva {1} davuopa peyeboug n,

* Ymoloylopog tou AQ yia pua 2-6taipeon tou g

= —ZBUSSJ

_LJIEg

—

Néo: Ta oToixeia Tou g omalouv o€

duo uTTo-ouadeg (corresponding to S)

-2 By

1,)€Y

[TaAib: OAa Ta oolxeia Tou g
avAkouv oTnv idia oudda (g)
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2 5k

‘l
A

. 1 "

AQ = % D> (Bij —6ij > Bix)sis,

1,JEg kcg

#

1 f_(g)

- | Awaipeon oe mieploootepa amod §uo groups

5 1 ifr=9
10 otherwise

Blg] =0
UTTOTTIiVaKQOG ToUu B
OPICHEVOG ATTO @

>

1

AN

2

AQ = 55" Blg]s| smou Blgli; = Blglij — (5%]‘;(9)

e

-

YEVIKEUPEVOG TTivakag modularity fLnh = 0

— f,@ = sum Tng i-o0Trg ypauung Blg]
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ﬁ% ['evikeupevog nivakae modularity:
& TTapdadevypa

= (1 2 )
gl
51 = 4
\ -2 -y
g=1{1, 4,5}

(1 €ival o minimal index)
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Algorithm 2 Divide a network module into two

Input: A module g in a network
1: Compute the leading eigenpair, u; and 5y, of the modu-
larity matrix Blg].

2: if (31 1s positive then

3:  Compute the vector s = (s1, 52,...,8,,) with s; = +1 if
the corresponding element in w; is positive, and s; = —1
otherwise.
/* Optional improvement: Refine partition by calling

Algorithm 4 (see Section 2.4) */

4. if sTB[g]s is positive then
5 Let g1 be the set of positive indices in s.
6 return ¢

7. end if

8: end if

9: return g
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Algorithm 3 Dividing a network into modularity groups

Input: A network with n vertices, n > 1

1:

W o

>

1

11:
12:
13:

15:
16:
17:
18:
19:

L 2o

=

P—{{1,2,...,n}} /* A trivial partition in which all the vertices belo
: Mark the single group in P as divisible
while there are divisible groups in P do
g < a divisible group in P
g1 +— the return value of Algorithm 2 on the module ¢
if |g;| =0 or |g,| = |g| then
Mark ¢ as indivisible
else
g2 =g\ N
P=P\{g}U{g. 0}
for i =1to 2 do
if |g;| = 1 then
Mark g; as indivisible
else
Mark ¢; as divisible
end if
end for
end if

end while
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IIapaderypa tou aAyopiBpou Louvain
yal TNV peylotonoinon tng modularity

MITUKOIIOLN O] TOU
Internet (oto emimedo
Autonomous Systems) pe
22963 xopBoug katl 48436
ouvoeoelg

The layout generated by wf ad
Graph Neural Network ' A
NeuLay-2

We used the Louvain
algorithm to identify the
community structure of
the network and for
visual clarity we
highlight 12 communities
in color

From the article:

https://www.nature.com/arti
cles/s41467-023-37189-2
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Aoknoeig

* Aoxknong 1.
Kataokeuaote tov modularity matrix B yia to akoAouBo
O1KTUO.

Bpetite to 101001avuopa tou B mou avtiotouxel otnv
peyaAuTepPI 1010TLIL, KAl apa OLapeploTe TO OLKTUO 02 OUO
KOLVOTNTEC.
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