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Fuzzy Subset Theory

Basic set-theoretic operations




& The concept of a fuzzy subset

&7 Let E be a set denumerable or not, and let x be an element
of E. A fuzzy subset \utilde{A} of E 1s a set of ordered pairs:

{(zlpa(z))}, Ve € E
where B\ ,414041(X) 1s @ membership characteristic function
that takes its values in a totally ordered set M, and which
indicates the degree or level of membership. M will be
called a membership set

- If M={0, 1}, the “fuzzy subset” \utilde{A} will be

understood as an “ordinary subset”
- Cardinality of a fuzzy subset: |4| = Z pa(x)
- Examples: el

I. The fuzzy subset of numbers x approximately equal to a given real number n
II. The fuzzy subset of integers near to 0
ITII. The fuzzy subset of integers very near to 0



. The concept of a fuzzy subset

= Examples:

IV.The fuzzy subset A of real numbers close to 10

V. The fuzzy subset B of real numbers significantly

larger than 10

() 1
QC p—
HA 1+ (z — 10)2
@) {o, if <10
HB\L) = - xr > 10
1+(a:—10)2

1

0.9 -

0.8 -

0.7 -

0.6

0.5 -

0.4

0.3

0.2 -

01 -

il a0 ) ——
(201 1/(1+1/(x-10)**2) —— |

'J"...f- —
I_.'II ---""-I——_
10 ‘j 15 20
ANB

Real numbers who are close to 10
fuzzy-and significantly larger than 10



Q,ﬁ)

& Simple operations on fuzzy subsets

=7 Inclusion: We say that \utilde{A! is included in \utilde{B} if
Ve € E: pa(r) < pp(xr) denoted as AC Bor ACB

We can write: ECE

- Strict inclusion: If for at least one x, 1t holds that:

M\ utilderar(X) < P\ utildets: (X)
denoted as A CC B
- Equality:

Ve € E: pa(r) = pp(xr) denotedas A= 1D

A~ A~

- Complementation (actually, it 1s pseudo-complementation):

Vr € E:pp(x) =1—pag(r) denotedas B=A

I~

It holds that: (A)=A
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& Simple operations on fuzzy subsets

&7 Intersection: This is the fuzzy and

Ve € E: panp(x) = MIN{pa(z), pp(x)} denoted as AN B

* Union: This is the fuzzy or/and
Ve € E: paup(®) = MAX{py(x), pp(x)} denoted as AUB

- Disjunctive sum: This i1s the fuzzy disjunctive or

A®B=(ANB)U(ANB)

« Difference:

A-B=ANB

—~ ~



ﬁ Simple operations on fuzzy subsets

&7 Generalized Hamming distance:

Z\MA zi) — pp ()

- Euclidean distance or Quadratlc distance:

e(4,B) =

\

T

> (pa(w:) — ng (@)’

1=1

* (Generalized relative Hamming distance:

0(4,B) =

d(4, B)

n

- Relative Euclidean distance:

(4, B) =

e(4, B)
/n




Q,ﬁ)

& Simple operations on fuzzy subsets

&7 The ordinary subset nearest to a fuzzy subset:
pa(x;) =0 if pa(x;) <0.5

=1 it ,u,é(azz) > 0.9

=0or 1 if py(z;) = 0.5

* Index of fuzziness:

 Linear index of fuzziness

/(4) = ~d(4, 4)

I~

* Quadratic index of fuzziness:

0(4) = J=e(4.4)
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& Simple operations on fuzzy subsets

= Properties concerning the nearest ordinary subset:
ANB=ANB

Vai € B pa(@i) — pa(@i)| = pyqz (@)

* One sometimes calls the fuzzy subset whose membership
function is 24 4~%(z) the vectorial indicator of fuzziness
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& Simple operations on fuzzy subsets

&7 Evaluation of fuzziness through entropy
* Recall the entropy of a system comprised by N states:

%(plvp%"'va ZP@XZ?’L pz

* minimum value= 0, maximum Value— In(IN)

* Thus, the above equation in [0,1] becomes a measure of
fuzziness:

?_[(plvp27° . 7pN — _—Zp?, X ln pz

- Explanation through an example
pa(r1) =07, pa(ze) =0.9, palzs)=0.0,

pa(re) = 0.6, pa(rs) =05, palws) =1,
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Simple operations on fuzzy subsets

” Putting:
(@) pa(r;)
TA\NL; ) =
- Zgzl Né(mi)
* We get:
(01) = o=, ma(a) = o, males) = 0.0
— e T — .
Wé L1 377 77,4 L2 377 Wé 3 )
§ H 10
Wé(ﬂl’;l) — ﬁ’ WA(ZC5) — ﬁ’ Wé(fE(;) = ﬁ
Theretfore:
6
H(my, 72, ..., Z (z5) X In(ma(zs)) =

- =0.89

Entropy may be used in the theory of fuzzy subsets, but it is not a good indicator
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& Simple operations on fuzzy subsets

= Ordinary subset of level a:
* For a € [0,1]
Ay = {x‘ﬂé(x) > af

 |Important property:
0{2 Z Ofl — Aa2 C Aal

* Decomposition theorem: Any fuzzy subset \utilde{A}
can be decomposed as products of ordinary subsets by the
coefficients a.

A =max|a; X Ag,, 2 X Aqyy. .. 0, X Ay, |,

Qg

O0<o; <1, 1=1,2,....n
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Decomposition theorem proof

&2 Proof: The proof 1s immediate:
pa,, (r) =1, if pa(z) > o

pa,, () =0, if pa(z) <o

* So, the membership function of \utilde{A} may be written:

p(r) = max|a;Ag, ]
max[a;da;]

= max |oy]
a; <pa(z)

= pa(z)

~



Decomposition theorem example

02 0|os| 1 |07 =MAx<o,:. oot 1 (aa
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ﬁ Set of fuzzy subsets for E and M finite

&7 The powerset for a fuzzy subset

* If cardinality[E]= n and cardinality[M]= m, then:
cardinality|P(E)| = m"

It 1s well known that the structure of a power set
\mathcal{\utilde{P}}(E) of a set 1s a distributive and
complementary lattice, that 1s, a boolean lattice. The
set of fuzzy subsets \mathcal{\utilde{P}}(E), however,
has the structure of a vectorial lattice that 1s
distributive but not complimentary



Set of fuzzy subsets for E and M finite
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Set of fuzzy subsets for E and M finite




(ANB)NC=AN(BNC)
(AUB)UC = AU(BUC)

ANA=A
AUA=A

AN(BUC)=(ANB)U(ANC)
AU(BNC)=(AUuB)N(AUC)

ANA=0 Law of contradiction
AUA=FE Law of excluded middle

ANh=10
AUdD=A
ANE=A
AUE=F
(4)=A
ANB=AUB
AUB=ANB

p—

commutativity properties

W o

associativity properties
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idempotence
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distributivity of intersection with
respect to union, and of union
with respect to intersection
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De Morgan’s theorems
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AUB=BUA

(ANB)NC=A4n(BNQ

(AUB)UC=AU(BUQ)
AnA=4
AUA=4

AnBUC)=(ANB)U(ANC)

~ o~

Au(BmC)z(éug)m(AuO)

—~ ~ o~ ~

~

—~

~ Properties of the set of fuzzy subsets

—_
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commutativity properties
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associativity properties
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idempotence

distributivity of intersection with
respect to union, and of union
with respect to intersection
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26 where & is the ordinary set,
27 such that p(x;)=0, V¥ x;

28 where E is the ordinary set,
99 such that pg(x)=1, V X;

(30 involution

(31

} De Morgan’s theorems
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2
N
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ﬂ - Properties of the set of fuzzy subsets

&7 We see that all properties (1)-(17) are satisfied except
from (9) and (10)

* One may define a unique complement, but the properties
(9) and (10) hold only for ordinary subsets

* Thus, we stress: All properties of an ordinary power set
are found again in a power set of fuzzy subsets, except (9)
and (10). Thus, we no longer have an algebra in the sense
of the theory of ordinary sets; the structure 1s that of a
vector lattice



ﬁ Algebraic product and sum of two fuzzy

©  subsets
&2 Algebraic product: E be an ordinary set and M=[O0, 1]

Ve € E:pgp(r) =pa(z) X pp(xr) denoted as A.B

- Algebraic sum:

Ve € E:pyrpga) =pale) +pp(e) — pale) x pp(z) denoted as A+B

* One important remark:

- If M={0, 1}, 1.e., we are in the case of ordinary subsets, then

ANB=A.B
AUB = A4 B



Q‘ Algebraic product and sum of two fuzzy

. subsets
&) AB=BA (33) - _
- - commutativity properties
ALB = BiA (34)
(A.B).C = A.(B.C) (35)} associativity properties
(AFB)FC = AH(BC) 3
A0 =0 (37)
A+D=A (38)
AE=A (39)
AYE=E (40)
@A) =4 (41) involution
B=A+B (42)
= } De Morgan’s theorems
ATB=AB (43)

* Only the above properties are verified. Idempotence [(5) and (6)],
distributivity [(7) and (8)], and of course (9) and (10) are not satisfied



Q‘ Algebraic product and sum of two fuzzy

subsets

&7 Note that U is not distributive with respect to . or -+, and
likewise M, but on the other hand one has:

A(BNC)=(A.B)N(A.C) (44)
A.(BUC) = (A.B)U(AC) (45)
A+(B N Q) = (A+B) N (A+C) (46)
AH(BUC) = (A+B) U (A+C) (47)



2,_\% Algebraic product and sum of two fuzzy

©  subsets

&7 Let us prove (42):
* Suppose that p,(x)=a and pg(x)=b
* The left part gives: 1-ab
* The right part gives: (1-a)+(1-b)-(1-a)(1-b)= 1-a+1-b-1-

ab+a+b= 1-ab
* Thus, the two parts are alike
* Let us disprove that distributivity holds, 1.e., that
A.(BHC) # (A.B)H(A.C)

* The left part gives: a (b+c-bc)= ab +ac -abc
* The right part gives: ab + ac —abac= ab +ac —a?bc
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- Fuzzy relation

-- Example 1

= X Xg) ' 0 0.1 0 L
E2: {Y17 Yo, Y3, Y4, Y5} it ) g L
— ' :
| e ) %P0 ,0,3’ o olg bt
2 | | i
x, | 0,4 0405/ 0 Io:
1 J J
- Example 2
- E,=E,=R
* H oxeon: y << x 1s a fuzzy relation
4 .
(2.7 0, it y>ux
MR2\L,Y) = 1
1T y<x

(z— y)2
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B First projection of \utilde{R}
* Second projection of \utilde{R}

Projection of a fuzzy relation

* The second projection of the first projection (or vice versa)
will be called the global projection
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é  Projection of a fuzzy relation: Example 2

&2 x and y are very near to one another:
—k(y—x)?
pr(z,y) =e *W=7 k> 1
* For a fixed value x,:

“ub")

ug)(aﬁo) = ‘y//JR(xOyy)

_ Ve kly—x0)’
y

— ¢ Ry—20)" for Y = Xo

Ul



Union of two relations

ngm

X and y are very
different

S e

(b)

d=y—x|

— -

and y are very near
and/or very different




Intersection of two relations
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Algebraic product of two relations

|
5 ly-x| 1s #4(8) J
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. Distributivity property

RN(QUP)=(RNQ)U(RNP)

Jju(gzmlj):(ljug))ﬂ(ijf)
R(QUP)=(RQ)U(R.P)
R.(Q@nNP)=(RQ)N(R.P)
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ﬁ .~ Algebraic sum of two relations

* The complement of a relation:



Disjunctive sum of two relations

» d=|y-—.
q (a) g (b)

g 0=y r-xl 0 o (d) 5=],v’— x|
(c)



Disjunctive sum of two relations




Disjunctive sum of two relations

4404 (®)

0 (g) §=|y—x|

0 (h) d=|y— x|




