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Practice on
Backpropagation with
momentum




& xercise-

qn ADALINE lecture we proved that the LMS algorithm,
(whose performance index 1s a quadratic function), 1s stable
if the learning rate is less than 2 divided by the maximum
eigenvalue of the input correlation matrix R

That result 1s 1identical to what 1t holds for the steepest
descent algorithm, when applied to a quadratic function;
steepest descent 1s stable if the learning rate is less than 2
divided by the maximum eigenvalue of the Hessian matrix

Show that i1if a momentum term 1s added to the steepest
descent algorithm there will always be a momentum
coefficient that will make the algorithm stable, regardless of
the learning rate. Solution in class



ﬁ Exercise-12: background

q,et’s consider a quadratic function (the performance index):
F(x)=1/2xTAx+d'x + ¢

The gradient of this quadratic function is:
VFx)=Ax+d
If we now 1nsert this expression into our expression for the
steepest descent algorithm (assuming a constant learning
rate), we obtain:
X4 = X — A8 = X — a(Axy +d)—>

— X341 = [[-adA]x, —ad

This 1s a linear dynamic system, which will be stable if the

eigenvalues of the matrix [I-adA] are less than one in
magnitude



& Exercise-12: background

& We can express the eigenvalues of this matrix in terms of
the eigenvalues of the Hessian matrix A. Let {A{,A,,...,A,}
and {z,,z,,...,Z_} be the eigenvalues and eigenvectors of the
Hessian matrix. Then:

[I-dAlz;, =z, — dAz, =z, - adz; = (1-a})z,
Therefore the eigenvectors of [I-aA] are the same as the
eigenvectors of A, and the eigenvalues of [I-dA] are (1-al))
Our condition for the stability of the steepest descent
algorithm is then: | (1-ad) | <1

If we assume that the quadratic function has a strong
minimum point, then its eigenvalues must be positive
numbers. Thus, this reduces to: a < 2/A;

Since this must be true for all the eigenvalues of the
Hessian matrix, we get: a < 2/A_ .,



Practice on competitive
learning, and Kohonen’
learning
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- Exercise-13

class 1 class 2
The figure on the right shows
several clusters of normalized
vectors
class 4
class 3
Design the weights of the Input - Competitive Layer
" N N
competitive network shown at
the right, so that i1t classifies the
vectors ac.cording to the classes — 3wl C}—>
indicated 1n the diagram and SXE
with the minimum number of R S
neurons —/ N\ J/

a = compet (Wp)



Exercise-13: Bac

-
i
iz
130
38
35
8
a7
g
9
40°
41°
42
a3
44°

0,381
0.407
0423
0438
0,454
0,484
0.485
0,500
0,515
0,530
0,545
0,555
0574
0588
0,02
0,616
0,629
0,643
0,656
0,668
0.682
0,655

0,821
0.914
0,906
0,898
0,891
0,883
0,576
0, B&E
0,857
0,548
0,838
0.8
0818
0,800
0,758
0,788
0117
0,766
0,755
0,743
0,71
0,718

0424
0,445
[ R
LR
o510
0,532
0,554
0577
0601
0625
DG4S
0675
0,700
67
0,754
0,781
0,810
0,838
0,868
0,500
6,533
0,568

6a"
B9*
To0*
7*
[r3
[N
74°
75"
76"
ir
-
(LS
80®

87"
“ﬂ
89°
a0°

0,927
0,934
0,940
0,948
0,951
0,956
0,961
0,966
0,970
0,974
0,978
0,982
0,985
0,988
0,950
0,993
0,995
0,996
0,938
0,959
0,999
0,998
1,000

0,375
0,358
0,342
0,326
0,309
0,292
0,276
0,258
0,242
0.225
0,203
0,19
0174
0.156
0,139
0122
0.105
0,087
0,070
0,052
0,035
0018
0,000

2478
2,608
2748
2,504
3078
3.2mM
3487
LREY
4011
4,333
4,708
5,145
3,671
6314
7115
B.144
8,514

11430

14,301

19,081

28,636

57,280

HINARALZ TPINOQNOMETPIRON APIEMON

Muwwvino

MW U ) Mwwvia Muid OUVe £
o° 0,000 1,000 0,000 d5° 0,707 0,707 1,000
1° 0,017 0,558 0,047 45" 0,720 0,695 1,036
" 0,015 0,9%5 0,035 47 0.7 0,682 1,072
3° 0,082 0,999 0,052 Af* 0,743 0668 1,411
4° 0,070 0,958 0,070 49 0,755 0656 1,150
& 0,087 0998 0,087 50* 0,765 0643 1,192
&* 0,105 0,385 0,105 51* 0,777 0629 1,235
T oaz2 0993 0,123 52° 0,7as8 0616 1.280
a 0,134 04990 0144 53 0,799 0E02 1,327
a8 0,156 0988 0,158 54 0,809 0588 1,376
10° 0,174 0985 0176 L1 0,819 0574 1428
11° 0,19 0982 0,194 L 0,824 0,553 1483
12° 0,204 0578 0,213 57 0,834 0,545  1.540
13° 0,225 0874  0.2H 58 0,848 0,530 4,600
14° 0,242 0870 0,249 L1 0,857 0,518 1,664
15° 0,259 0968 0,268 (i 0,858 0,500 1,732
16° 0,278 0881 0287 B1* 0,875 0485 1,804
17° 0,292 095 0,306 §2° 0,883 o470 1,881
18° 0,309 0,451 0325 63 0,891 0,454 1.963
159° 0,326 0,946 0,344 G 0,599 0438 2,050
20° 0,342 0,940 0,364 g5° 0,908 D423 2145
21* 0,358 0,934 0,348 GE° 0,914 D407 2,245
22¢ 0,375 0927 0404 BT 0,921 091 2,356
GE llinl:\; os rad Npo oLve £ (010
0 0 0 : P op[ié\;m
T 1 3 3
30° < 5 % % 3
45° o ﬁ Q 1 1
4 2 2
; n 3 1 \3 3
60 3 > 5 T
= .
90 E ! . opl’ACZ\;m :




- ."E.-
P =TT . |
h

Exercise-14

S The figure shows three input
vectors and three initial weight
vectors for a three-neuron
competitive layer

The values of the input vectors:

Pi = P} Py = H pe = |1/A2
1 0 » P2 | > 13 lﬁ

The 1nitial values of the three weight vectors are:

W= {U} W = _jﬁ W = _]'\/%
| —1 - 11\/?7, S 2,\/?71

Calculate the resulting weights found after training the
competitive layer with the Kohonen rule and a learning rate
of a=0.5, on the following series of inputs: p;, Py, P3




Exercise-15

Consider the configuration of
Iput vectors and initial weights

shown in the figure

Train a competitive network to
cluster these vectors using the
Kohonen rule with learning rate
a=0.5

Find graphically the position of
the weights after all of the input

vectors (1n the order shown, 1.e.,

P:, P2, P3, Py) have been
presented once
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