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RBF Network training with
Linear Least Squares (LLS)
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Radial Basis Network basics recap

&7 The radial basis network is a two-layer network. There
are two major distinctions between the radial basis
function (RBF) network and a two layer perceptron:

1.

In layer 1 of the RBF network, instead of performing an inner
product operation between the weights and the input (matrix
multiplication), we calculate the distance between the input
vector and the rows of the weight matrix

Second, instead of adding the bias, we multiply by the bias.
Therefore, the net input for neuron 1 in the first layer is

calculated as follows: 1 1 1
n, = ‘ pP— W ||b;

- Each row of the weight matrix acts as a center point - a point

where the net input value will be zero

* The bias (std dev OR variance OR spread const) performs a

scaling operation on the transfer (basis) function, causing it to
stretch or compress
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ﬁ - Radial Basis Network basics recap

g The transfer functions used in the first layer of the RBF network are
different than the sigmoid functions (generally) used in the hidden

layers of MLP
* There are several different types of transfer function:

* D.S. Broomhead and D. Lowe, “Multivariable function interpolation and
adaptive networks,” Complex Systems, vol.2, pp. 321-355, 1988

« we will consider only the Gaussian function (the most commonly used
in the neural network community). It is defined as follows:

1.0

2
a=¢e "

A key property of this function is that it is
local — the output is close to zero if you
move very far in either direction from the

center point. This is in contrast to the global
sigmoid functions, whose output remains close :

to 1 as the net input goes to infinity e = ; : ;



§~: Radial Basis Network basics recap

The second layer of the RBF network i1s a standard linear

layer: 2 2 1 2
a‘“=W-°a +b
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a .= radbas(|w -p||b’) a’=Wa'+b’



ﬁ Training RBF networks

=4 RBF networks can be trained using gradient-based
algorithms

- However, because of the local nature of the transfer function and
the way in which the first layer weights and biases operate, there
tend to be many more unsatisfactory local minima in the error
surfaces of RBF networks than in those of MLP networks

* For this reason, gradient-based algorithms are often
unsatisfactory for the complete training of RBF networks
* The most commonly used RBF training algorithms have
two stages, which treat the two layers of the RBF network
separately

* The algorithms differ mainly in how the first layer weights and
biases are selected. Once the first layer weights and biases have
been selected, the second layer weights can be computed in one
step, using a linear least-squares algorithm. We will discuss linear
least squares in this lecture



ﬁ Training RBF networks

=4 The simplest of the two-stage algorithms arranges the
centers (first layer weights) in a grid pattern throughout
the input range and then chooses a constant bias so that
the basis functions have some degree of overlap

* This procedure is not optimal, because the most efficient
approximation would place more basis functions in regions of the
input space where the function to be approximated is most
complex.

- Also, for many practical cases the full range of the input space 1s
not used, and therefore many basis functions could be wasted

* One of the drawbacks of the RBF network, especially when the
centers are selected on a grid, is that they suffer from the curse of
dimensionality. This means that as the dimension of the input
space increases, the number of basis functions required increases
geometrically



ﬁ Training RBF networks

=4 Another method for selecting the centers 1s to select some
random subset of the input vectors in the training set.
This ensures that basis centers will be placed 1n areas
where they will be useful to the network. Due to the
randomness of the selection, this procedure is not optimal

* In this lecture we will assume that the first layer weights
and biases of the RBF network are fixed

* This can be done by fixing the centers on a grid, or by randomly
selecting the centers from the input vectors in the training data
set (or by using a clustering method).

* When the centers are randomly selected, all of the biases can be
computed using the following formula (d__ . 1s the maximum
distance between neighboring centers):
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& Training RBF networks with LLS

= Once the first layer parameters have been set, the
training of the second layer weights and biases is
equivalent to training a linear network, as we did for

ADALINE
* For example, consider that we have the following training
points: (Pt} (Prty) .o s {Poty)

* The net input and output of the first layer are as follows:

1 —
n; g =

rIHf 1
P,— W |

1 I
a, = radbas(n,)

1 {

« Since the first layer weights and biases will not be
adjusted, the training data set for the second layer then

m : 1 _ 1 1 :
becomes fa,t ) {a)ty}, ..., '{.“Q* tQ}



&)
. Training RBF networks with LLS

&7 The second layer response 1s linear:

a’ = Wa +b’

- We want to select the weights and biases in this layer to
minimize the sum square error performance index over
the training set:

Q
F(x) = Z(tq_ﬂ t—1!)
g=1

* Our derivation of the solution to this linear least squares

problem will follow the linear network derivation we
developed for ADALINE
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Training RBF networks with LLS

=2 To simplify the discussion, we will assume a scalar target,

and we will lump all of the parameters we are adjusting,
including the bias, into one vector:

< = ij
bz

Similarly, we include the bias input “1” as a component of

the input vector: - 'a;}

1
Now the network output, which we usually write in the
form: (rf = {,wz) :a:},+b2

{

can be written as: a, = X Z,



Training RBF networks with LLS

&2 This allows us to conveniently write out an expression for
the sum square error:

0
F(x) = Z Z(rq—u Z(rq—x z,
g =1 g=1 g =1
* To express this 1n matrix form we define the following
matrices: - r] 7] -
( ! ! :
t=[2U= 2| = |[L2|,¢e = |2
T .
o) QuT Z ‘o

* The error can now be written: e = t—Ux
and the performance index becomes: F(x)= (t-Ux)! (t-Ux)
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ﬁ Training RBF networks with LLS

&2 To avoid overfitting, we modify this equation into the
following (p=a/B):

H
F(x) = (t—Ux)T(t—Ux}+erf = (t—Ux)T(t—[fx)+pr1
i=1

- By expanding the above, we get:
F(x) = (t— [Tx)T(t - Ux) + pKTX = tTt — EtTUx + XTUT[TK + pKTX

= t't- 2t Ux+x [U'U+pI]x

* This 1s of a quadratic form 1
| T T
F(x) = c+d x+zx Ax

c=tt,d=-2U"tand A = 2[U'U + pI]
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ﬁ Training RBF networks with LLS

&7 The characteristics of the quadratic function depend
primarily on the Hessian matrix (matrix A in our case)
- E.g., if the eigenvalues of the Hessian are all positive, then the
function will have one unique global minimum
* It can be shown that this matrix is either positive definite
or positive semidefinite,

- I.e., 1t can never have negative eigenvalues

* We are left with two possibilities
- If the Hessian matrix has only positive eigenvalues
* the performance index will have one unique global minimum
 If the Hessian matrix has some zero eigenvalues

* the performance index will either have a weak minimum or no
minimum, depending on the vector d

 In this case, 1t must have a minimum, since 1s a sum square
function, which cannot be negative
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&7 Lets locate the stationary point
* We calculate the following:

N,

VF(x) = ‘F[{'+drx+%xTAx:| —d+Ax = 22U t+2[U' U+ pI]x

* The stationary point of can be found by setting the
ogradient equal to zero:

2Z"t+2[U'U+pIlx =0 = [U'U+pIlx = U't
* Therefore, the optimum weights x* can be computed from:
[U'U+pIlx* = U't

- If the Hessian matrix 1s positive definite, there will be a
unique stationary point, which will be a strong minimum:

vt = [UTU +pI] Ut




