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Abstract

This short note intends to present the analytical calculations involved in computing backpropagation
for convolutional neural networks, in particular for the convolutional and pooling layers.

Introduction

The emergence of deep learning [7] during the last decade has created a tremendous scien-
tific/technological and also educational interest. Among the most popular deep neural networks
are the convolutional neural networks (CNNs). They are considered as the state-of-the-art in
image understanding after winning the image classification task in the ILSVRC competition for
several years. In general, they are appropriate for processing grid-like input, such as images,
video, time-series. Just like the traditional multi-layer perceptrons, CNNs are usually trained
using backpropagation. Even though backpropagation is referred to as the standard training
method for CNNs, however none of the popular or focused books on the topic [1, 2, 3, 4, 5, 6, 8, 9]
provide sufficient or no details at all on-how backpropagation equations are formulated for
CNNgs.

The goal of this short article is to fill this gap by exemplifying how backpropagation works
in the case of one-dimensional input which is processed by a convolutional neural network. In
particular, the article shows how gradients are calculated for the convolution and max-pooling
layers.

Even though we assume that the reader is familiar with the architecture of a convolutional
neural network, before proceeding to the next sections which show the backpropagation equa-
tions, we first show a small example of one-dimensional input, the output of a convolution
filter applied to this input, and then the output of a max-pooling operation. Additionally, we
show how neurons correspond to these operations. In order to keep things simple, we assume
a zero bias term, and also we assume a pure linear activation function (o(x) = x); therefore
and concentrate on the particular features of a CNN, i.e., convolution and pooling layers. This
basic architecture is depicted in Figure 1.

Convolution layer’s gradients calculation

For the sake of simplicity, in the derivation of our equations we will use only a portion of
the input presented in Figure 1, namely po—ps. Let us start by computing the convolution
of input p = [po,p1,P2,P3, P, p5] with the filter w = [wp, w1, ws] using stride=1 and valid
padding. Thus, we will get four outputs, namely zg, 21, 22, 23, one for each possible position
of the filter w as it slides over the input p. The equations defining the outputs will be the
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Figure 1. Part of a convolutional neural network applied to one-dimensional input, where an
input layer is followed by a convolution layer and then by a max-pooling layer. The input need
not be the actual input time-series, but any layer in a later processing stage of the CNN. Note
that we omit the non-linearity layer, e.g., ReLU which may follow the convolution layer.

following (see Figure 2):

Zp = PoWo + P1w1 + Paw2
21 = p1Wo + p2w1 + P3w2
Z9 = pawWo + p3wi + paws

Z3 = P3Wo + P4wW1 + Psw2

From these four basic equations we will proceed to calculate the gradients of the loss function
with respect to the filter w in the next subsection, and in the subsequent subsection we will
calculate the gradients of the loss function with respect to the input p.

Convolution layer’s gradients calculation w.r.t. to a (any) filter

Let us compute the gradient VF of F with respect to the filter w = [wo, w1, ws]T, ie., % =

[aﬁ AF BF‘]T
8w0’8w1’8w2

. We compute each partial derivative as follows:

OF OF 0zg OF 9z OF 0z OF 0z

Owy Dz Owg Oz Owg | Oz 0wy Dz3 Qwg

OF  OF oF OF oF

g 8—20170 + 8_z1p1 + 8—22}72 + 8—23173, (5)
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Figure 2. Convolution of a 1D input p = [po,p1,D2,P3, P4, ps] with filter w = [wp, w1, ws]
with stride=1 and valid padding. Circles represent neurons, and the arcs represent connections
among neurons.

and similarly, we get the following equations:

OF  OF ) oF N oF N oF )
8w1 > aZ()pl azpo 822p3 ({923p4,
OF  OF N oF N oF N oF o
8w2 o 8z0p2 6z1p3 822p4 ({923p5.

Now, suppose that we define the vector s as follows: s = [sg, s1, 2, s3] = [3—5), g—i, g—i, g—i]

and let vector p be defined as follows: p = [po, p1, P2, Ps, pa, ps|. If we convolve (stride=1, no
padding) the two vectors, then we get the following vector:
oF oF oF oF
P®s= [poé_zo +Pl(f)—z1 +P28—Z2 +P38—23,
oF oF oF oF oF oF oF oF
pl(‘)_zo +p28_z1 +P38—22 +P477 pag— +p38_z1 +P48—22 +p58_23]' (8)

15) 3 20
Therefore, we get the vector % = [[;dti)’ 6851 , g—fz], and thus:
OF
— = S. 9
gw ~P® (9)

Conclusion #1. The gradient of the loss function with respect to a convolution filter is
calculated by convolving the deltas (i.e., sensitivities) of the current layer with the inputs to
the current layer.

Convolution layer’s gradient calculation w.r.t. to its inputs
Now, let us compute the gradient VF of F with respect to the inputs p = [P0, D1, D2, D3, D4, D5)
to that layer. Starting again from Equations 1-4 and applying standard multivariate calculus
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we get:
OF  OF 0z
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8—p? 3_2?3_172 3—2}5‘_172 82381)2
g_pi_g_zg—; g_ig—;z 2—22—2:8111)2—1-82101—#83100 (13)
T~ D my By = 0

Consider again the vectors s = [sq, $1, S2, s3] and w = [wg, w1, we], but now flip vector w to
get flip(w) = [wa, w1, wp]. Should we wish to calculate the convolution of s and flip(w), then
we should align them according to the relative positions shown in Figure 3.

[Wz Wi wo]

[o s =5

[W2 Wi WO]
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[Wz Wy W(]
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Figure 3. The six possible relative positions of the convolving vectors when full padding.

After performing the convolutions, we get the following vector:

s ® flip(w) = [sowo, Sowi + S1wo, Sowz + S1w1 + Sawo,

S1Wsa + Saw1 + S3wWg, S2Ws2 + S3Wi, 53w2]. (16)

Comparing Equation 16 with the set of Equations 10-15, we deduce that the following
relation holds true:
s® flip(w) [aﬁ OF oF OF OF aﬁ]:
PW)= |38 A A A A
P Opo” Op1’ Op2” Ops’ Ops” Ops
OF
o =s® flip(w). (17)

Note that this convolution operation is performed with full padding the input.

Conclusion #2. The gradient of the loss function at a particular layer with respect to its
input nodes of the previous layer is calculated by convolving the deltas (i.e., sensitivities) of the
current layer with the flipped convolution filters [the convolution assumes full-padding].

Pooling layer’s gradient calculation w.r.t. to its inputs
In this section we will calculate the gradients of the loss function in the max-pooling layer with
respect to its inputs. We assume that our input consists of z = [z, 21, 22, 23, 24, 25, and we
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Figure 4. Max-pooling in a 1D input with stride=3, valid padding and pooling window 1 x 3.

apply a max-pooling operation with a sliding window of size 1 x 3, and stride equal to three;
thus we have non-overlapping max-pooling operations. Moreover, we assume valid padding,
i.e., no padding at all. Our outputis thus: yo = maxz{zo, 21, 22} and y;
Figure 4 we can see the input and output neurons.

Then, the calculation of the gradients proceeds as follows:

or
820
oF
82:1
oF
822
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823
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if 21 = max
othewise
if 20 = max

othewise

if z3 = max
othewise
if z4 = max
othewise
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othewise

max{zs, z4,25}. In

(18)

(19)

(21)

(22)

(23)

Conclusion #3. The gradient of the previous layer is passed to neuron p;, if and only if
neuron p; is the “winner” during the max-pooling operation, i.e., its value was selected as the

outcome of the “max” operation.
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Summary

In this short note we develop the backpropagation equations for a convolutional neural network
appropriate for processing one-dimensional input. In particular, we show how the partial deriva-
tives needed by backpropagation are computed in the convolution layer with respect to a (any)
filter and with respect to the inputs, and also show the partial derivatives at the max-pooling
layer with respect to its inputs.
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