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2D Rotation
» Default rotation center: Origin (0,0)

A ,’.

‘W . 0> 0 : Rotate counter clockwise
A ,’.

) e 0< O : Rotate clockwise

28 HY416, THMMY, MNavemoTtiuio ©@coocaliag yota@inf.uth.gr



2D Rotation

(x,y) = Rotate about the originby 6 > (X, y’)

How to compute (X', y') ?

X = r cos (o)

y = rsin (o)

X' = rcos(p+0)

y = r sin (p + 6)
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2-D Rotation
(x,y) = Rotate about the origin by 6 > (X', y’)

A

X' = x cos(0) - y sin(0)
y' = x sin(6) +y cos(0)

>
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Rotations (2D)

How to compute (X', y') ?

y1 X,y X=TC0S¢
y=rsin ¢
0 X,y X'=rcos(¢ + 6)
. y'=rsin( ¢+ 6)
:X
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Rotations (2D)

How to compute (X', y') ?

y1 X,y X=TC0S¢
y=rsin ¢
0 X,y X'=rcos(¢ + 6)
. y'=rsin( ¢+ 6)
:X

cos(¢ + &) = cos¢@ cosd —sin ¢sin @
Sin( @ + &) =cosgsin @ +sin ¢cosd
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Rotations (2D)

How to compute (X', y') ?

y X,y X=TC0S¢
y=rsin ¢

0 X,y X'=rcos(¢ + 6)

. y'=rsin( ¢+ 6)

cos(¢ + &) = cos¢@ cosd —sin ¢sin @
Sin( @ + &) =cosgsin @ +sin ¢cosd

X'=(rcos¢)cosé —(rsin ¢)sin &
y'=(rcos¢)sin 8 +(rsin ¢)cosé
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Rotations (2D)

How to compute (X', y') ?

y1 X,y X=TC0S¢
y=rsin ¢

0 X,y X'=rcos(¢ + 6)

. y'=rsin( ¢+ 6)

cos(¢ + &) = cos¢@ cosd —sin ¢sin @
X'=Xc0sO—ysin @ Sin( @ + &) =cosgsin @ +sin ¢cosd

y'=Xsin @ + ycosé

X'=(rcos¢)cosé —(rsin ¢)sin &
y'=(rcos¢)sin 8 +(rsin ¢)cosé
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3x3 2D Rotation Matrix

)

X cos(0) -sin(B) |x (X.y)
y’ sin(0) cos(0)| |y
o @ (XY)
! L
X| _|cos(0) -sin(0) O X
y’ sin(0) cos(®) O y
1 0 0 1 1
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2D Rotation of objects

= How to rotate an object with multiple

vertices?

[ ]

36

E—————

i) Rotate individual
Vertices

i) Redraw the
object
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More on Rotation

= The standard rotation matrix is used to
rotate about the origin (0,0)

cos(®) -sin(@) O ‘
sin(@) cos(®@) O m—)> /

/
/7
0 0 1 ,
/
/\ _--Y
S T
»
»

= What if I want to rotate about an
arbitrary center? ‘
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Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

(pify) ‘
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Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

Translate the object so that P will coincide with
the origin: T(-px, -py)

39 HY416, THMMY, MNavetmoTthpio Osocoaliag yota@inf.uth.gr



Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

Translate the object so that P will coincide with
the origin: T(-px, -py)
Rotate the object: R(0)
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Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

Translate the object so that P will coincide with
the origin: T(-px, -py)

Rotate the object: R(0)

Translate the object back: T(px,py)

y A A A
- ‘ =
’
’
,
’
> —F > & >
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Arbitrary Rotation Center

Translate the object so that P will coincide with
the origin: T(-px, -py)

Rotate the object: R(q)

Translate the object back: T(px,py)

s Put in matrix form:  T(px,py) R(q) T(-px, -py) * P

X’ 10 px cos(0) -sin(6) O 1 0 -px| | X
y 1= 101 py sin(@) cos(0) O 01 -py|l |V
1 00 1 0 0 1 00 1 1
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3-D Rotation

» 3-D is more complicated
Need to specify an
Simple cases: rotation about X, Y, Z axes
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Rotation example: airplane

Aircraft Rotations Resenrch
Body Axes Center

Center of
Gravity

Pitch Axis

+ Pitch

Roll Axis

Yaw Axis
+ Roll
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3-D Rotation

4

Build it coordinate-by-coordinate

x'| [cos(@) —sin(6) O] x
sin(6) cos(®) Ofvy
Z' 0 0 11 z

<—
1

» 2-D rotation from last slide:

s 2
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Rotations about the axes




3-D Rotation

b
Y

Build it coordinate-by-coordinate

x'| | cos(@) 0 sin(0) || x
V' = 0 1 0 y
z'| |—sin(0) 0 cos(0)| z

47 HY416, THMMY, MNavemoTtiuio ©@coocaliag yota@inf.uth.gr



3-D Rotation

4

48

X

Build it coordinate-by-coordinate

<<
1

1 0
0 cos(0)
0 sin(0)

0
—sin( 0)

cos(0) |
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Rotations (3D)

1 O 0
R«(@)=|0 cos@é -sind
|0 sin@ cosO

[ cosd 0 sind
Ry(0) = 0 1 0
_—sin 6 0 coséd

cos® —sind 0O
R:(f)=|sind cos6d O
0 0 1
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Properties of Rotations

Ra(0) = |

Ra(@) Ra(¢) = Ra(¢ + 9)
Ra(0)Ra(d) = Ra(d)Ra(6)
Ra(0) = Ra(—0) = Ra" (6)

Ra(0)Ro(@) = Ro(@)Ra(€) order matters!
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2D Scaling

Scale: Alter the size of an object by a scaling factor

(5%, Sy), i.e.
X =X .Sx ‘X’ _|Sx 0 X
y' =vy.Sy = y’ O Syl [y
(4,4)
(2,2) Sx=2,8y=2
—
(2,2)
(1,1)
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Scaling

» Scaling a coordinate means multiplying each of
its components by a scalar

» Uniform scaling means this scalar is the same

for all components: P’\

—

X 2
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2D Scaling of objects

(1,1)

(2,2)

v

Sx=2,Sy=2

(4.4)

(2,2)

= Not only the object size is changed, it also moved!!

= Usually this is an undesirable effect

= We will discuss later (soon) how to fix it
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Scaling

» Non-uniform scaling: different scalars per
component:

X x 2. I‘;—\_I
Y x 0.5

» How can we represent this in matrix form?
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3x3 2D Scaling Matrix

‘ X | _|Sx 0 X
y’ 0O Sy |y
X’ Sx 0 0 X
y | =10 Sy 0| *ly
1 0O 0 1 1
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More on Scaling

= The standard scaling matrix will only
anchor at (0,0)

Sx O
O Sy
O O

N I
v,

e
e
‘,

= What if I want to scale about an arbitrary

pivot point? ‘
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Arbitrary Scaling Pivot

= To scale about an arbitrary fixed point P
(px.py):

, (pX,py)
u’/ -

57 HY416, THMMY, MNavetmoThpio Osocoaliag yota@inf.uth.gr




Arbitrary Scaling Pivot

= To scale about an arbitrary fixed point P
(px,py):

Translate the object so that P will coincide with
the origin: T(-px, -py)

, (pX,py)
u’/ -

58 HY416, THMMY, MNavetmoThpio Osocoaliag yota@inf.uth.gr




Arbitrary Scaling Pivot

= To scale about an arbitrary fixed point P
(px,py):

Translate the object so that P will coincide with
the origin: T(-px, -py)
Scale the object: S(sx, sy)

, (pX,py)
u’/ - - -
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A

rbitrary Scaling Pivot

= To scale about an arbitrary fixed point P

(px.py):

Translate the object so that P will coincide with

the origin: T(-px, -py)
Scale the object: S(sx, sy)
Translate the object back: T(px,py)

, (pX,py)
a’/ - - -

60

HY416, THMMY, MNavetmoThpio Osocoaliag

yota@inf.uth.gr



3-D Scaling

61

x| [ sxx
AR
7' | S22
_Sx
S(Sx, Sy, Sz) =0
0
Uniform scaling iff
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Scaling

» Scaling operation: X aX
y'|=| by
'z | |CZ
» Or, in matrix form:
x'| [a 0 Ofx
yv'i=|0 b Oy
'z |0 0 c|z

scaling matrix
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Put it all together in 2D cases

» Translation:

X1 Ix| |,
' = T
Y oy

» Rotation:
X'| |cos@ —sindg| |,

. 1" lsin®  cos@| |t

» Scaling: y '
X'| 1S, t,
y| [0 s t,
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Or, 3x3 Matrix Representations

» Translation: X 1 0 tx X
y| = |0 1 ty *|y
1 0 0O 1 1
X cos(@) -sin(@) O X
SR y' | _ sin(@) cos(®) O y
» Rotation: A 0 5 . )
: X Sx 0 O X
4 SCGhng: y [= |0 Sy 0]*y
1 0 0O 1 1
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