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The Graphics Pipeline
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Graphics coordinate systems

» X is red

» Y IS green
» Zis blue
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Graphics coordinate systems

» If you are on the
+Z axis, and +y is
up, then +x is to
the right

» Math fields have
+x going to the left
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What is a Transformation?

» Maps points (x, y) in one coordinate system to
points (x', y') in another coordinate system

X'=ax +hy+c
y'=dx +ey+f
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Basic Three Classes of Transformations

» Rigid Body (aveAaoTikoi peTaoxnyaTiopoi f
HETAOXNUATIOWOI OTEPEWY OWHATWYV) - Preserves
Distance and angles

Translation (peTatomion) and Rotation (TrepioTpopn)

» Conformal (oUudopyog) - Preserves Angles
Translation, rotation, and uniform scaling
» Affine (ouoxeTiopévor) - Preserves parallelism
- Lines remain lines

Translation (peTatomion), rotation (epioTpoen),
scaling (aAAayn kAigakag), shear (oTpéPpAwon), and
reflection (katomTpiopuocg)
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More Classes of Transformations

» Projective Transformations (uetaoxnuariopoi
TTPoPoAWY)
Parallel (orthographic and oblique) projections
Perspective projections
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Rigid-Body / Euclidean Transforms

» Preserves distances
» Preserves angles

Rigid / Euclidean

|dentity

Rotation
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Transformations

» Simple transformations
Euclidean

Scaling

A
1
I
I
1
1
1
e
[sotropic
Identity Translation Rotation (Uniform)
Scaling
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Transformations

» Deformable transformations
Shearing
Tapering
Twisting
etc..

» Issues
Can be combined
Are these operations invertible?
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Transformations
» Why use transformations?

12

Position objects in a scene (modeling)
Change the shape of objects

Create multiple copies of objects
Projection for virtual cameras
Animations
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Viewing in 2D - Viewport

.. e Sl b JRER 450
wnis  SAUERA IR by e B oS >

Window in world coordinates.
N

250 x 250

Viewport in Pixels.
Device coords

N
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Simple Transformations
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2D Transformations

v
»
>

v
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2D Transformation

» Given a 2D object, fransformation is to
change the object’s
Position (translation)
Size (scaling)
Orientation (rotation)
Shapes (shear)

» Apply a sequence of matrix multiplication to
the object vertices
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Point Representation

» We can use a column vector (a 2x1 matrix)
to represent a 2D point | x

Y

» Or in homogeneous coordinates as

X
Y
1
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2-d Homogeneous coordinates

v
’
’

Whatis | X | ?
b at i {y} w
» P,,is intersection of line P (X,
détermined by P,, with the /(XYW)
w = 1 plane /
174 P,y (X/w,y/w,1)

Y

» So an infinite numper of
points correspond to (x, y, 1):

they constitute the whole'line
(tx. ty, tw)
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Why Use 3x3 Matrices?

» So that we can perform all fransformations using
matrix/vector multiplications

» This allows us to pre-multiply all the matrices
together

» The point (x,y) heeds to be represented as
(x.,y,1) -> this is called Homogeneous
coordinates!

» How to represent a vector (v,,v,)?

19 HY416, THMMY, MNavemoTtiuio ©@coocaliag yota@inf.uth.gr



Why Use 3x3 Matrices?

» So that we can perform all fransformations using
matrix/vector multiplications

» This allows us to pre-multiply all the matrices
together

» The point (x,y) heeds to be represented as
(x.,y,1) -> this is called Homogeneous
coordinates!

» How to represent a vector (v,.,v,) 2 (v,,v,.,0)
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How are Transforms Represented?

X'=ax+ by +c

y'=dx +ey+f
/XI\ fa b\ rX\ fC\
= +
\yl} \d eJ \yJ gfa

pp = Mp + 1
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How are Transforms Represented?

(Homogeneous coordinates)

22

X'=ax+by+c
=dxt+ey+f

f

O O D
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2D Translation

» Re-position a point along a straight line

» Given a point (x,y), and the translation
distance (1,,1,)

(x1y’)
The new point: (X', y') /' L
X = X+ Tx (XY) o tx
y=y+t,
or PP = P + T where P-= x" P= x‘ T=|1,
y y t,
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3x3 2D Translation Matrix

X'| = X + t,
y y t
1 Use 3 x 1 vector
(homogeneous coordinates)
X’ 1 0 t X
y | = o 1 t|* |y
1 O 0 1 1

Note that now it becomes a matrix-vector multiplication
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3D Translation

X' X tx
y'o T oyl T |
7' Z L2
X | X | |
Tttty = |y © |b
Z | Z ] L2
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Properties of Translation

T(0,0,0Vv = v

T (Sx, Sy, Sz) T (tx, ty, tz)V = T (Sx +1t,Sy+1y,S: -I-tz) \Y/
T (Sx, Sy, Sz) T (tx, ty, tz)V = T (tx, ty, tz) T (Sx, Sy, SZ)V

T_l(tx,ty,tz) VA T(_tX1_tY1_tZ) \
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Translation of objects

» How to translate an object with multiple
vertices?

Y )
N ~F

| |

| |

| |

| |

| |

| |

| |
e P

i) Translate individual (Epommeeees en
vertices R
ii) Redraw the object

v
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2D Rotation
» Default rotation center: Origin (0,0)

A ,’.

‘W . 0> 0 : Rotate counter clockwise
A ,’.

) e 0< O : Rotate clockwise
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2D Rotation

(x,y) = Rotate about the originby 6 2 (X, y’)

How to compute (X', y') ?

X = r cos (o)

y = rsin (o)

X' = rcos(p+0)

y = r sin (p + 6)
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2-D Rotation
(x,y) > Rotate about the originby 6 > (X', y’)

A

X' = x cos(0) - y sin(0)
y' = x sin(6) +y cos(0)

>
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Rotations (2D)

How to compute (X', y') ?

y1 X,y X=TC0S¢
y=rsin ¢
0 X,y X'=rcos(¢ + 6)
. y'=rsin( ¢+ 6)
:X
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Rotations (2D)

How to compute (X', y') ?

y1 X,y X=TC0S¢
y=rsin ¢
0 X,y X'=rcos(¢ + 6)
. y'=rsin( ¢+ 6)
:X

cos(¢ + &) = cos¢@ cosd —sin ¢sin @
Sin( @ + &) =cosgsin @ +sin ¢cosd
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Rotations (2D)

How to compute (X', y') ?

y X,y X=TC0S¢
y=rsin ¢

0 X,y X'=rcos(¢ + 6)

. y'=rsin( ¢+ 6)

cos(¢ + &) = cos¢@ cosd —sin ¢sin @
Sin( @ + &) =cosgsin @ +sin ¢cosd

X'=(rcos¢)cosé —(rsin ¢)sin &
y'=(rcos¢)sin 8 +(rsin ¢)cosé
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Rotations (2D)

How to compute (X', y') ?

y1 X,y X=TC0S¢
y=rsin ¢

0 X,y X'=rcos(¢ + 6)

. y'=rsin( ¢+ 6)

cos(¢ + &) = cos¢@ cosd —sin ¢sin @
X'=Xc0sO—ysin @ Sin( @ + &) =cosgsin @ +sin ¢cosd

y'=Xsin @ + ycosé

X'=(rcos¢)cosé —(rsin ¢)sin &
y'=(rcos¢)sin 8 +(rsin ¢)cosé
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3x3 2D Rotation Matrix

)

X cos(0) -sin(B)| |x (X.y)
y’ sin(@) cos(0)| |y
o @ (XY)
! L
X| _|cos(0) -sin(0) O X
y’ sin(0) cos(®) O y
1 0 0 1 1
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2D Rotation of objects

= How to rotate an object with multiple

vertices?

[ ]

36

E—————

i) Rotate individual
Vertices

i) Redraw the
object
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More on Rotation

= The standard rotation matrix is used to
rotate about the origin (0,0)

cos(®) -sin(®) O ‘
sin(@) cos(®) O m—)> /

/
/7
0 0 1 ,
/
/\ _--Y
S T
»
»

= What if I want to rotate about an
arbitrary center? ‘
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Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

(pify) ‘
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Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

Translate the object so that P will coincide with
the origin: T(-px, -py)
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Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

Translate the object so that P will coincide with
the origin: T(-px, -py)
Rotate the object: R(0)
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Arbitrary Rotation Center

» To rotate about an arbitrary point P
(px.py) by ©:

Translate the object so that P will coincide with
the origin: T(-px, -py)

Rotate the object: R(0)

Translate the object back: T(px,py)

y A A A
- ‘ =
’
’
,
’
> —F > & >
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Arbitrary Rotation Center

Translate the object so that P will coincide with
the origin: T(-px, -py)

Rotate the object: R(q)

Translate the object back: T(px,py)

s Put in matrix form:  T(px,py) R(q) T(-px, -py) * P

X’ 10 px cos(0) -sin(6) O 1 0 -px| | X
y 1= 101 py sin(0) cos(0) O 01 -py|l |V
1 00 1 0 0 1 00 1 1
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