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GIVE IT A TRY!

G.1) Visual linear independence and linear dependence

0G.1.a.i) Two spanners in 3D

Here's a spanning set for a subspace S of 3D.
Clear[spanner, i];
spanner[1l] = {1.2, -0.9, 1.5};
spanner [2] = {-0.4, 0.3, -0.5};
spanners = Table[spanner[i], {i, 1, 2}]
{{1.2, -0.9, 1.5}, {-0.4, 0.3, -0.5}}
Here is a plot showing
s spanner[1] + t spanner([2]
for s and t running from -1 to 1 in increments of 0.5:
jump = 0.5;
Clear[spanplotter, r, s, t, vectorl, vector2, pointcolor];
pointcolor[s_, t_] =
RGBColor [0.5 (Sin[ns] +1), 0.5 (Cos[nt] +1), 0.00];

spanplotter [vectorl_, vector2_] := Table[Graphics3D[
{s, -1, 1, jump}, {t, -1, 1, jump}];
spanplot =

Show [spanplotter [spanner[1], spanner[2]], Axes3D[2], Axes - True,
AxesLabel -» {"x", "y", "z"}, Boxed » False, ViewPoint -» CMView];

See the same plot from the viewpoint of 12 spanner([1]:
| Show[spanplot, ViewPoint -> 12 spanner[1]];

Making no calculations at all, fill the blank with either the word "dependent" or the word
"independent:"
This visual evidence indicates to me that
{spanner[1], spanner[2]}
is a linearly spanning set.

Making no calculations at all, fill the blank with the appropriate number.

This visual evidence indicates to me that the dimension of the subspace of 3D spanned by

{spanner[1], spanner[2]}

is

0G.1.a.ii) Two new spanners in 3D

Here's a new spanning set for a subspace S of 3D.
Clear[spanner, i];
spanner[1] = {1.2, -0.9, 1.5};
spanner [2] = {1.4, 0.3, 0.5};
spanners = Table[spanner[i], {i, 1, 2}]

{{1.2, -0.9, 1.5}, {1.4, 0.3, 0.5}}

Here is a plot showing
s spanner[1] + t spanner([2]

for s and t running from -1 to 1 in increments of 0.25:
jump = 0.25;
Clear[spanplotter, r, s, t, vectorl, vector2, pointcolor];

{PointSize[0.04], pointcolor[s, t], Point[s vectorl + t vector2]}],

pointcolor([s_, t_] =
RGBColor [0.5 (Sin[xs] +1), 0.5 (Cos[nt] +1), 0.00];

spanplotter [vectorl_, vector2_] := Table[Graphics3D[
{s, -1, 1, jump}, {t, -1, 1, jump}];
spanplot =

Show [spanplotter [spanner[1l], spanner[2]], Axes3D[2], Axes - True,
AxesLabel -» {"x", "y", "2"}, Boxed -» False, ViewPoint - CMView];

See the same plot from the viewpoint of 12 spanner[1]:
| show[spanplot, ViewPoint -> 12 spanner[1]];

Making no calculations at all, fill the blank with either the word "dependent" or the word
"independent:"
This visual evidence indicates to me that
{spanner[1], spanner[2]}
is a linearly spanning set.

Making no calculations at all, fill the blank with the appropriate number.
This visual evidence indicates to me that the dimension of the subspace of 3D spanned by
{spanner[1], spanner[2]}
is
0OG.1.b.i) Three spanners in 3D

Here's a new spanning set for a subspace S of 3D.

Clear [spanner, i];
spanner [1] = {1.2, -0.9, 1.5};
spanner [2] = {0.4, 0.3, -1.5};
spanner [3] = {0.8, 0.4, 1.0};
spanners = Table[spanner[i], {i, 1, 3}]
{{1.2, -0.9, 1.5}, {0.4, 0.3, -1.5}, {0.8, 0.4, 1.}}
Here is a plot showing
rspanner[1] + s spanner[2] + t spanner|[3]
for r, s and t running from -1 to 1 in increments of 0.25:
jump = 0.25;
Clear[spanplotter, r, s, t, vectorl, vector2, vector3, pointcolor];
pointcolor([r_, s_, t_] =
RGBColor [0.5 (Sin[nr] +1), 0.5 (Cos[rs] +1), Sin[nt]z];

spanplotter [vectorl_, vector2_, vector3_] :=
Table [Graphics3D[{PointSize[0.04], pointcolor[r, s, t],
Point [r vectorl + s vector2 + t vector3]}],
{r, -1, 1, jump}, {s, -1, 1, jump}, {t, -1, 1, jump}];

spanplot = Show[spanplotter [spanner[1l], spanner[2], spanner[3]],
Axes3D[3], Axes -» True, AxesLabel » {"x", "y", "2"},
Boxed -» False, ViewPoint -» CMView];

See the same plot from the viewpoint of 12 spanner[1]:
I Show [spanplot, ViewPoint -> 12 spanner[1]];

See the same plot from the viewpoint of 12 spanner[2]:

{PointSize[0.04], pointcolor[s, t], Point[s vectorl + t vector2]}],



I Show [spanplot, ViewPoint -> 12 spanner[2]];

Making no calculations at all, fill the blank with either the word "dependent" or the word
"independent:"
This visual evidence indicates to me that
{spanner[1], spanner[2], spanner[3]}
is a linearly spanning set.

Making no calculations at all, fill the blank with the appropriate number.

This visual evidence indicates to me that the dimension of the subspace of 3D spanned by
{spanner[1], spanner[2], spanner[3]}

is .

0OG.1.b.ii) Three new spanners in 3D

Here's a new spanning set for a subspace S of 3D.

Clear[spanner, i];

spanner[1] = {1.2, -0.9, 1.5};

spanner [2] = {0.4, -0.3, 0.5};

spanner [3] = {-0.8, 0.6, -1.0};

spanners = Table[spanner[i], {i, 1, 3}]

{{1.2, -0.9, 1.5}, {0.4, -0.3, 0.5}, {-0.8, 0.6, -1.}}
Here is a plot showing

rspanner[1] + s spanner[2] + tspanner[3]
for r, s and t running from -1 to 1 in increments of 0.25:

jump = 0.25;
Clear[spanplotter, r, s, t, vectorl, vector2, vector3, pointcolor];
pointcolor([r_, s_, t_] =

RGBColor [0.5 (Sin[nr] +1), 0.5 (Cos[ns] +1), Sin[nt]z];

spanplotter [vectorl_, vector2_, vector3_] :=
Table [Graphics3D[{PointSize[0.02], pointcolor[r, s, t],
Point [r vectorl + s vector2 + t vector3]}],
{r, -1, 1, jump}, {s, -1, 1, jump}, {t, -1, 1, jump}];

spanplot =
spanplot = Show[spanplotter [spanner[1l], spanner[2], spanner[3]],
Axes3D[2], Axes - True, AxesLabel -» {"x", "y", "z"},
Boxed -» False, ViewPoint -» CMView] ;
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See the same plot from the viewpoint of 12 spanner([1]:
I Show [spanplot, ViewPoint -> 12 spanner[1]];

Making no calculations at all, fill the blank with either the word "dependent" or the word
"independent:"
This visual evidence indicates to me that
{spanner[1], spanner[2], spanner[3]}
is a linearly spanning set.
Making no calculations at all, fill the blank with the appropriate number.
This visual evidence indicates to me that the dimension of the subspace of 3D spanned by
{spanner[1], spanner[2], spanner[3]}
is .

0OG.1.b.iii) Three more spanners in 3D

Here's a new spanning set for a subspace S of 3D.
Clear [spanner, i];
spanner[1l] = {1.22, -0.52, 1.25};
spanner [2] = {-1.0, 0.56, 1.27};
spanner [3] = {0.11, 0.02, 1.26};
spanners = Table[spanner[i], {i, 1, 3}]
{{1.22, -0.52, 1.25}, {-1., 0.56, 1.27}, {0.11, 0.02, 1.26}}
Here is a plot showing
rspanner[1] + s spanner[2] + tspanner[3]
for r, s and t running from -1 to 1 in increments of 0.25:
jump = 0.25;
Clear [spanplotter, r, s, t, vectorl, vector2, vector3, pointcolor];

. s oot 2
pointcolor[r_, s_, t_] = RGBColor[1, 0.5 (Cos[—z—] + 1) , Su\[—4—-—] IE

spanplotter [vectorl_, vector2_, vector3_] :=
Table [Graphics3D[{PointSize[0.04], pointcolor([r, s, t],
Point [r vectorl + s vector2 + t vector3]}],
{r, -1, 1, jump}, {s, -1, 1, jump}, {t, -1, 1, jump}];

spanplot = Show[spanplotter [spanner[1l], spanner[2], spanner[3]],
Axes3D[3.5], Axes - True, AxesLabel - {"x", "y", "2"},
PlotRange - All, Boxed -» False, ViewPoint -» CMView] ;

See the same plot from the viewpoint of 12 spanner[1]:
I Show [spanplot, ViewPoint -> 12 spanner[1]];

See the same plot from the viewpoint of 12 spanner[2]:
I Show [spanplot, ViewPoint -> 12 spanner[2]];

See the same plot from the viewpoint of 12 spanner[3]:
I Show [spanplot, ViewPoint -> 12 spanner[3]];

Making no calculations at all, fill the blank with either the word "dependent" or the word
"independent:"
This visual evidence indicates to me that
{spanner[1], spanner[2], spanner[3]}
is a linearly spanning set.

Making no calculations at all, fill the blank with the appropriate number.

This visual evidence indicates to me that the dimension of the subspace of 3D spanned by
{spanner[1], spanner[2], spanner[3]}

is .



0G.l.c.i) 2D
Here are two vectors X and Y in 2D:

X = {Random[Real, {-2, 2}], Random[Real, {-2, 2}]};
Y = {Random[Real, {-2, 2}], Random[Real, {-2, 2}]};

twovectors =
Show [Arrow[X, Tail -> {0, 0}, VectorColor -> MediumVioletRed],
Arrow[Y, Tail -> {0, 0}, VectorColor -> TurquoiseBlue],
Axes -> True, AxesLabel -> {"x", "y"},
PlotRange -> {{-2, 2}, {-2, 2}}];

Rerun until you get a couple distinct of healthy vectors - no puny stuff.
m Let your eyes make the call with no calculation whatsoever:
Is {X,Y} alinearly independent spanning set?
Explain your position.
Put answer here.

= Here are the same two vectors X and Y plotted above shown with another random 2D
vector Z

Z = {Random[Real, {-2, 2}], Random[Real, {-2, 2}]};
Show [twovectors, Arrow[Z, Tail -> {0, 0}, VectorColor -> Oak]];

-2
Would it have been possible by a fluke or otherwise that the three plotted vectors {X,Y,Z}
turned out to be a linearly independent spanning set? Why?

O0G.1.c.ii) Four random vectors in 3D

Here are four random vectors X,Y,Z and W in 3D:

X = {Random[Real, {-2, 2}],
Random[Real, {-2, 2}], Random[Real, {-2, 2}]};

Y = {Random[Real, {-2, 2}], Random[Real, {-2, 2}],
Random[Real, {-2, 2}]};

Z = {Random[Real, {-2, 2}], Random[Real, {-2, 2}],
Random[Real, {-2, 2}]};

W = {Random[Real, {-2, 2}], Random[Real, {-2, 2}],
Random[Real, {-2, 2}]};

Show [Arrow[X, Tail -> {0, 0, 0}, VectorColor -> Red],
Arrow[Y, Tail -> {0, 0, 0}, VectorColor -> NavyBlue],
Arrow[Z, Tail -> {0, 0, 0}, VectorColor -> DarkViolet],
Arrow[W, Tail -> {0, O, 0}, VectorColor -> CadmiumOrange],
Axes3D[2],
Axes -> True, Boxed -> False, AxesLabel -> {"x", "y", "2"},
PlotRange -> {{-2, 2}, {-2, 2}, {-2, 2}}, ViewPoint -> CMView];

Rerun until you get a four distinct healthy vectors - no puny stuff.

Is this set of four plotted vectors {X,Y,Z,W} a linearly independent spanning set?
How do you know?

O0G.1.c.iii) 7D

Agree or disagree:

When you are given a spanning set consisting of 8 or more 7D vectors, then you know in
advance that the given spanning set is not linearly independent.

Explain your response.

G.2) Dimension, bases and linear independence

0G.2.a) Calculate dimension and give an orthonormal basis
A subspace S of 7D is defined by this spanning set:

Clear[i, spanner];

spanner|[1l] = {-0.7, -3.8, 2.2, -3.1, -0.1, 2.2, -3.9};
spanner[2] = {1.8, 3.4, -1.6, -2.6, 2.4, -2.2, 2.0};
spanner[3] = {-4.3, -10.6, 5.4, 2.1, -4.9, 6.6, -7.9};
spanner[4] = {-5.7, -18.2, 9.8, -4.1, -5.1, 11., -15.7};

spanner [5] = {-1.4, 0.6, -0.3, 0.0, 0.0, 0.0, 0.0};
spanners = Table[spanner[i], {i, 1, 5}]

{{-0.7, -3.8, 2.2, -3.1, -0.1, 2.2, -3.9},

(1.8, 3.4, -1.6, -2.6, 2.4, -2.2, 2.},

(-4.3, -10.6, 5.4, 2.1, -4.9, 6.6, -7.9},

(-5.7, -18.2, 9.8, -4.1, -5.1, 11., -15.7},

{-1.4, 0.6, -0.3, 0, 0, 0, 0}}
Calculate the dimension of S and give an orthonormal basis (perpendicular frame) that
spans S.
Is the given spanning set linearly independent?

0G.2.b) Calculate dimension and give an orthonormal basis
A subspace S of 5D is defined by this spanning set:
Clear[i, spanner];
spanner[1l] = {2.2, -3.1, -0.1, 2.2, -3.9};
spanner [2] = {-9.6, -5.6, 2.4, -1.2, 2.0};
spanner [3] = {6.4, 2.1, -4.9, 6.6, -7.9};
spanner [4] = {0.8, -4.1, -5.1, 0.0, -5.7};
spanners = Table[spanner[i], {i, 1, 4}]
({2.2, -3.1, -0.1, 2.2, -3.9}, {-9.6, -5.6, 2.4, -1.2, 2.},
(5.4, 2.1, -4.9, 6.6, -7.9}, {0.8, -4.1, -5.1, 0, -5.7}}
Calculate the dimension of S and give an orthonormal basis (perpendicular frame) that
spans S.
Is the given spanning set linearly independent?

0G.2.c) S1 + S2 and S1(1 S2

A subspace S1 of 7D is specified by the following spanning set:
Clear[i, spannerl];
spannerl[1l] = {1.0, -2.3, -4.2, 2.2, 0.4, 0.8, 0.0};
spannerl[2] = {-3.8, 8.7, 15.5, -7.4, -1.2, -2.6, 1.3};
spannerl[3] = {-0.5, -0.3, 0.9, 0.4, -0.3, 0.2, 0.9};
spannerl[4] = {0.2, -0.5, -1.3, 1.4, 0.4, 0.6, 1.3};

spannersl = Table[spannerl[i], {i, 1, 4}]
({1., -2.3, -4.2, 2.2, 0.4, 0.8, 0},
(-3.8, 8.7, 15.5, -7.4, -1.2, -2.6, 1.3},
{(-0.5, -0.3, 0.9, 0.4, -0.3, 0.2, 0.9},
{0.2, -0.5, -1.3, 1.4, 0.4, 0.6, 1.3}}

Another subspace S2 of 7D is specified by the following spanning set:
Clear[i, spanner2];
spanner2[1] = {-2.8, 6.4, 11.3, -5.2, -0.8, -1.8, 1.3};
spanner2[2] = {-0.1, -1.3, -1.7, 3.2, 0.5, 1.4, 3.5};
spanner2[3] = {1.7, 0.0, 5.2, -1.6, -2.8, -2.12, 3.1};

spanners2 = Table[spanner2[i], {i, 1, 3}];

ColumnForm[spanners2]
(-2.8, 6.4, 11.3, -5.2, -0.8, -1.8, 1.3}
{(-0.1, -1.3, -1.7, 3.2, 0.5, 1.4, 3.5}
(1.7, 0, 5.2, -1.6, -2.8, -2.12, 3.1}

= Give an orthonormal basis of S1 + S2.

Put answer here.

m Give an orthonormal basis of S1() S2
Put answer here.

0G.2.d.i) Dimension

You are given an orthonormal set (perpendicular frame) of vectors
{(X[1], X[2], X[3], X[4], X[5]}

in 8D.

The given set
{X[1], X[21, X[3], X[4], X[5]}

spans a subspace S of 8D.

What is the dimension of S?

0G.2.d.ii) All of 5D?

You are given a linearly independent set of vectors
{(X[1], X[2], X[3], X[4], X[5]}

in 5D.The given set
{X[1], X[2], X[3], X[4], X[5]}

spans a subspace S of 5D.

Are there any 5D vectors {a,b,c,d,e} that are not in S?

O0G.2.e.i) Column space and row space

m Here's a matrix A:

2.3 0.4 -2.1 0
1.2 -2.4 0.6 o |,
2.9 -0.8 -1.8 1.2 |’
-2.3 -0.4 2.1 -1.2

MatrixForm[A]

. 0.4 -2.1 0
1.2 -2.4 0.6 0
2.9 -0.8 -1.8 1.2
-2.3 -0.4 2.1 -1.2



The column space of A, R[A], consists of all possible hits with A.
This is the same as the subspace of 4D spanned by the columns of A.
Calculate the dimension of R[A].

Put answer here.

= Stay with the same matrix A

The row space of A, R[A'], consists of all possible hits with A'. This is the same as the
subspace spanned by the rows of A. Calculate the dimension of the row space of A.

Put answer here.

= Given any matrix A, clued-in matrix folks know that the dimension of the column space
of A is the same as the dimension of the row space of A.

How do they know this?

Put answer here.

m If A is a matrix that hits on 8D and the rank of A is 6, then what is the dimension of the
column space of A?
Put answer here.

m If A is a matrix that hits on 8D and the rank of A is 6, then what is the dimension of the
row space of A?

G.3) Redundant spanning vectors; paring down to a basis

0G.3.a.i) A basis?

Here's a set of vectors in 7D:

Clear[spanner, i];

spanner|[1] = {1.2, -2.6, 5.7, 0.7, -1.9, -7.0, 2.9};
spanner[2] = {0.3, 3.3, -2.6, -3.7, 6.8, 5.0, 6.4};
spanner[3] = {2.3, 5.1, 5.3, 4.7, 1.9, -2.8, -1.2};
spanner[4] = {1.3, 0.0, 1.3, 0.7, -3.5, 8.0, 0.0};
spanner[5] = {0.4, -3.0, -4.8, -9.2, -8.6, -4.7, -2.9};
spanners = Table[spanner[i], {i, 1, 5}]

{{1.2, -2.6, 5.7, 0.7, -1.9, -7., 2.9},

{0.3, 3.3, -2.6, -3.7, 6.8, 5., 6.4},

{2.3,5.1,5.3, 4.7,1.9, -2.8, -1.2}, {1.3,0, 1.3, 0.7, -3.5, 8., 0},

{0.4, -3., -4.8, -9.2, -8.6, -4.7, -2.9}}
This spanning set spans a subspace S of 7D.
Is the given spanning set a basis of S?
If not reduce this spanning set to a basis of S by identifying and throwing away the
redundant vectors.

0G.3.a.ii) A basis?

Here's a set of vectors in 8D:

Clear[spanner, i];

spanner|[1l] = {1.0, -2.5, 5.0, 0.5, -1.0, -7.5, 2.0, 0.5};
spanner[2] = {0.3, 3.3, -2.6, -3.7, 6.8, 5.0, 6.4, -9.3};
spanner [3] = {1.0, 5.4, 5.4, 4.8, 1.0, -2.8, -1.8, 0.0};
spanner[4] = {0.7, 2.2, 3.7, 2.5, 0.3, -2.9, -0.5, 0.1};
spanner[5] = {1.0, 5.4, 5.4, 4.8, 1., -2.8, -1.87, 0};
spanner[6] = {0.4, -3.0, -4.8, -9.2, -8.6, -4.7, -2.9, 0.8};
spanner[7] = {3.5, -6.8, -2, 8, -0.8, 4.3, 6.5, -0.9};
spanners = Table[spanner[i], {i, 1, 7}]

({1., -2.5, 5., 0.5, -1., -7.5, 2., 0.5},
{0.3, 3.3, -2.6, -3.7,6.8,5., 6.4, -9.3},
{1.,5.4,5.4,4.8,1., -2.8, -1.8, 0},
(0.7, 2.2, 3.7, 2.5, 0.3, -2.9, -0.5, 0.1},
{1., 5.4, 5.4, 4.8,1., -2.8, -1.8, 0},
{0.4, -3., -4.8, -9.2, -8.6, -4.7, -2.9, 0.8},
{3.5, -6.8, -2, 8, -0.8, 4.3, 6.5, -0.9}}
This spanning set spans a subspace S of 8D.
Is the given spanning set a basis of S?
If not reduce this spanning set to a basis of S by identifying and throwing away the
redundant vectors.

O0G.3.a.iii) Not a basis
Here's a set of vectors in 7D:

Clear[spanner, i];

spanner[1l] = {1.0, -2.5, 5.0, 0.5, -1.0, -7.5, 2.0};
spanner[2] = {0.3, 3.3, -2.6, -3.7, 6.8, 5.0, 6.4};
spanner[3] = {0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0};
spanner[4] = {0.7, 2.2, 3.7, 2.5, 0.3, -2.9, -0.5};
spanner[5] = {0.4, -3.0, -4.8, -9.2, -8.6, -4.7, -2.9};
spanner [6] = {3.5, -6.8, -2, 8, -0.8, 4.3, 6.5};
spanners = Table[spanner([i], {i, 1, 6}];

ColumnForm [spanners]
{1., -2.5,5., 0.5, -1., -7.5, 2.}
(0.3, 3.3, -2.6, -3.7, 6.8, 5., 6.4}
{0, 0,0,0,0,0,0}
(0.7, 2.2, 3.7, 2.5, 0.3, -2.9, -0.5}
(0.4, -3., -4.8, -9.2, -8.6, -4.7, -2.9}
{3.5, -6.8, -2, 8, -0.8, 4.3, 6.5}
This spanning set spans a subspace S of 8D.
Note that spanner([3] is the vector of all zeroes:

| spanner(3]
{0, 0,0,0,0,0,0}

How does this signal in advance that this spanning set is not a basis of S?

0G.3.a.iv) Too many

Agree or disagree:

When you are given a spanning set consisting of eight 7D vectors, then you know in
advance that at least one of the given spanner set is redundant in the sense that if you
remove it from the spanning set,then the remaining spanners span the same subspace as the
original spanning set.

G.4) Calculus Cal screws up again

You probably remember the computer lab pest "Calculus Cal."
Cal has the habit of latching onto half-baked misconceptions and insisting that he
knows all.
To make things worse, there is a vague ammonia-like odor wherever he goes.
Cal is a man of aromas not ideas.

0G.4.a) Dimension
A subspace S of 9D is defined by:

Clear[i, spanner];

spanner[l1] = {-3.5, -1.8, -0.7, -3.8, 2.2, -3.1, -0.1, 2.2, -3.9};
spanner [2] = {-3.2, -0.4, 1.8, 3.4, -1.6, -2.6, 2.4, -2.2, 2.0};
spanner [3] = {-5.1, -2.0, 0.2, -2.1, 1.4, -4.4, 1.1, 1.1, -2.9};
spanner[4] = {-13.1, -3., 4.7, 6.4, -2.6, -10.9, 7.1, -4.4, 2.1};
spanners = Table[spanner[i], {i, 1, 4}]

({-3.5, -1.8, -0.7, -3.8, 2.2, -3.1, -0.1, 2.2, -3.9},
(-3.2, -0.4, 1.8, 3.4, -1.6, -2.6, 2.4, -2.2, 2.},
{(-5.1, -2., 0.2, -2.1, 1.4, -4.4, 1.1, 1.1, -2.9},
(-13.1, -3., 4.7, 6.4, -2.6, -10.9, 7.1, -4.4, 2.1}}
When Calculus Cal looked at this, he said: "This subspace S of 9D is a four dimensional
subspace."
You said: "Where did you get that idea?"
Cal said: " Stupid question. I say S is four dimensional because it is spanned by the four
given spanning vectors."
What's your reply?
Is S in fact four dimensional?

O0G.4.b) Are two subspaces S1 and S2 in fact different?
A subspace S1 of 3D is defined by:

Clear[i, spannerl];

spannerl[1l] = {0.43, -1.57, 3.13};
spannerl[2] = {0.97, 1.29, 0.83};
spannersl = Table[spannerl[i], {i, 1, 2}]
{{0.43, -1.57, 3.13}, {0.97, 1.29, 0.83}}

Here's a another set of spanning vectors which define a subspace S2 of 3D:

Clear[i, spanner2];

spanner2[1] = {1.4, -0.28, 3.96};

spanner2[2] = {-1.08, -5.72, 4.6};

spanners2 = Table[spanner2[i], {i, 1, 2}]

{{1.4, -0.28, 3.96}, {-1.08, -5.72, 4.6} }

When Calculus Cal looked at this, he said: "The two subspaces S1 and S2 of 3D are not
the same because different spanning sets lead to different subspaces."
What's your reaction to Cal's position?
Are the two subspaces S1 and S2 in fact different?
How do you know?

0G.4.c) A set of random vectors

A subspace S of 6D is defined by the following seven random vectors:

Clear[i, j, spanner];
spanner[1l] = Table[Random[Real, {-10, 10}], {i, 1, 6}];
spanner [2] = Table[Random[Real, {-10, 10}], {i, 1, 6}];
spanner [3] = Table[Random[Real, {-10, 10}], {i, 1, 6}];
spanner[4] = Table[Random[Real, {-10, 10}], {i, 1, 6}];
spanner[5] = Table[Random[Real, {-10, 10}], {i, 1, 6}];
spanner [6] = Table [Random[Real, {-10, 10}], {i, 1, 6}];
spanner [7] = Table [Random[Real, {-10, 10}], {i, 1, 6}];
spanners = Table[spanner[i], {i, 1, 7}]

{{6.3082, -1.72386, -2.60938, -8.62462, -3.0058, 6.08574},
(-8.78578, -3.87025, 3.81781, 8.98572, 0.655015, 0.746522},
(-8.89141, -2.11723, 7.12199, 8.60681, 2.54377, 2.49463},
(9.33658, 8.69415, 1.50347, -8.52248, -7.03189, 4.23059},
{5.19527, 3.20137, 5.57749, 2.85521, -1.79893, 7.11563},
{4.36326, -3.27454, 4.38326, 8.12991, -6.29175, 5.97894},
{3.27467, 0.247141, -3.41375, 7.37213, -9.2691, 7.75251}}

When Calculus Cal looked at this, he said: "I have noticed that sets of randomly generated
vectors almost always turn out to be linearly independent."

You say: "Cal, there is no way the spanning set above could turn out to be linearly
independent."

Why did you say this?

0G.4.d) Linear independence

Another day in the lab, Calculus Cal was working with the following spanning set for a
subspace S of 4D.

Clear[i, j, spanner];

spanner[1] = {1.0, 0.0, 0.0, -1.0};

spanner [2] = {1.0, 1.0, 0.0, 1.0};

spanner [3] = {1.0, 1.0, 1.0, -1.0};

spanners = Table[spanner[i], {i, 1, 3}]



{{1.,0,0, -1.}, {1.,1.,0, 1.}, {1., 1., 1., -1.}}
He checked the dimension of S :
SpannerMatrix = Transpose [spanners];

Sdim = Length[SingularValues [SpannerMatrix] [2]]
3

And then he announced (correctly) that this spanning set is linearly independent. Then he

went on to say :
"The given spanning set
{spanner[1], spanner[2], spanner[3]}
is linearly independent, so spanner[1] is linearly independent, spanner[2] is linearly
independent and spanner(3] is linearly independent."
What did you say to Cal?

G.5) Closest points

0G.5.a) 3D

A subspace S of 3D is defined by:
Clear[i, spanner];

spanner[1l] = {-1.0, 0.0, 1.0};
spanner[2] = {0.0, 1.0, 0.7};

spanners = Table[spanner[i], {i, 1, 2}]
{{-1.,0, 1.}, {0, 1., 0.7}}
This subspace of 3D is a plane and it's easy to plot a piece of it.
h=1;
k=1;
Clear([s, t];
subspaceplot =
ParametricPlot3D [s spanner[1l] + t spanner[2], {s, -h, h},
{t, -k, k}, PlotPoints » {2, 2}, DisplayFunction - Identity];

subspacelabel = Graphics3D[

setup = Show [subsp plot, subsp label,
ThreeAxes [2], ViewPoint -» CMView, PlotRange - All,
Axes » True, AxesLabel -» {"x", "y", "2z"}, Boxed -» False,
PlotLabel » "Piece of S", DisplayFunction - $DisplayFunction];

XPiege of S
1 9=
2

Here is the plane shown with a point not on the plane.

point = {0.2, 0.3, 1.5};
pointplot = Graphics3D[{Red, PointSize[0.03], Point[point]}];

Show[setup, pointplot, PlotLabel -» "S and point"];

Use the Sprojection matrix to come up with the point on the plane closest to the given
plotted point. Show off your work by adding this point to the plot above.

0G.5.b) Projecting a circle
Here's a plot of a subspace S of 3D:

spanners = {{1.1, 1.2, 0}, {-1, 1.2, 1.0}};
SpannerMatrix = Transpose [spanners];
h=7;
subspaceplot =

SpannerMatrix.{-h, -h}, SpannerMatrix.{-h, h}}]];
subspacelabel =

setup = Show [subspaceplot, subspacelabel, Axes3D[1.5h],
ViewPoint -» CMView, DisplayFunction - $DisplayFunction];

{CadmiumOrange, Text["S", spanner[1l] + spanner[2] + {0, O, 0.3}]1}];

Graphics3D[Polygon [ {SpannerMatrix.{h, h}, SpannerMatrix.{h, -h},

Graphics3D[{CadmiumOrange, Text["S", 1.2 SpannerMatrix.{-h, h}]}];

Throw in the plot of this circular disk:
{rlow, rhigh} = {0, 6};
{tlow, thigh} = {0, 2 7};
center = {3, 4, 10};

Clear [diskplotter, r, t];
diskplotter[r_ , t_] = {rCos[t], rSin[t], 0} + center;

diskplot = ParametricPlot3D [

diskplotter[r, t], {r, rlow, rhigh}, {t, tlow, thigh},
PlotPoints » {2, Automatic}, DisplayFunction -» Identity];

h
setup = show[subspaceplot, diskplot, ThreeAxes [2 h, ;] ,

ViewPoint » CMView, DisplayFunction - $DisplayFunction] ;

Imagine that light is coming from way above the plane in rays all perpendicular to the
plane.
Come up with a matrix A so that
A.diskplotter|r, t]
plots out the shadow of the disk on the plane.
Show off your work with a decisive plot.

O0G.5.¢) In or out?
m A subspace S of 4D is defined by this spanning set:

Clear[i, spanner];
spanner[1l] = {-1.0, -0.6, 0.8, 0.0};
spanner[2] = {2.4, -0.8, 0.8, 0.4};
spanner [3] = {-5.1, -2.0, 0.2, -2.1};
spanners = Table[spanner[i], {i, 1, 3}]
{{-1., -0.6, 0.8, 0}, {2.4, -0.8, 0.8, 0.4}, {-5.1, -2., 0.2, -2.1}}
Here is a 4D vector X
] x=(8.2, -1.8, 1.6, 1.2}
(8.2, -1.8, 1.6, 1.2}
Is X 'in S?
If not come up with the member of S that is closest to X.
Put answer here.
= A new subspace S of 4D is defined by this spanning set:
Clear[i, spanner];
spanner[1l] = {-1.0, -0.6, 0.8, 0.0};
spanner [2] = {2.4, -0.8, 0.8, 0.4};
spanner [3] = {-5.1, -2.0, 0.2, -2.1};
spanners = Table[spanner[i], {i, 1, 3}]
{{-1., -0.6, 0.8, 0}, {2.4, -0.8, 0.8, 0.4}, {-5.1, -2., 0.2, -2.1}}
Here is a 4D vector X
] x=(8.2,1.8, 1.6, 1.2}
(8.2, 1.8, 1.6, 1.2}

Is X in S?
If not come up with the member of S that is closest to X.
Put answer here.
= Here is a spanning set for a random subspace S of 7D
dim=7;
Clear[j, k, spanner];
number = Random[Integer, {3, 6}];
spanners =
Table [spanner [k] = Table[Random[Real, {-2, 2}], {j, 1, dim}],
{k, 1, number}]
{{-0.550065, 1.73559, -0.154514, 1.255, -1.14369,
-1.11052, 0.806433}, {-1.38528, -0.259183, 0.318434,
-0.833781, -0.808402, 0.868165, -1.02666}, {0.289567,
-0.434384, 0.126515, -0.222446, 1.63463, 1.51619, -1.19074},

{0.303129, 1.48845, 1.96569, 1.35933, 0.567535, -0.357034, -1.28931},

{0.503016, -0.321941, 0.836533, -1.90404,
-1.2378, 1.35963, -0.329685}, {0.904363, -0.105966,
0.386284, 1.38075, -0.661253, 1.76752, -1.39127}}

Here is a random 7D vector:
I X = Table [Random[Real, {-2, 2}], {k, 1, dim}]



{1.74612, -0.177442, 0.958254, 0.305601, -1.74234, -0.143127, 1.59892}
Is X in the subspace S?
If not, then come up with a 7D vector Y so that
Y.X=0
but
Y.Z=0forall ZinS.

Click on the right for a little tip.

After you've come up with your shot at Y, you can check whether
YZ=0forallZin$S

simply by checking whether
Y .spanner[k] = O for all k.

G.6) Orthonormal bases: Gram-Schmidt versus SVD

0G.6.a) Orthonormal bases: Gram-Schmidt versus SVD
m Here is a spanning set for a random subspace S of 5D
dim =5;
Clear[j, k, spanner];
number = Random[Integer, {3, 4}];
spanners =
(Table [spanner[k] = Table[Random[Real, {-2, 2}], {j, 1, dim}],
{k, 1, number}])
{{1.73807, 0.614698, -0.853813, -0.904092, 0.0600066},
{1.77816, -0.949775, -1.66629, 0.700381, 0.10785},
{0.145862, 0.439675, -1.6859, 0.727102, -1.19288}}
Here is the orthonormal basis of S that you get from applying the Gram-Schmidt process
to the given spanning set:
gramspanner [k_] := GramSchmidt [ spanners] [[k]]
gramorthospanners =
Table [gramspanner [k], {k, 1, Length[GramSchmidt [ spanners]]}]
{{0.781305, 0.276322, -0.383811, -0.406412, 0.0269745},
{0.272718, -0.599968, -0.483704, 0.575151, 0.0299107},
{-0.285625, 0.449515, -0.517204, 0.202585, -0.638603}}
Here is the orthonormal basis for S that you get from the SVD hanger frame of the
SpannerMatrix:
SpannerMatrix = Transpose [spanners];
rank = Length [SingularValues [SpannerMatrix] [2]];
Sdim = rank;

Clear [SVDperpframe, k];

SVDperpframe [k_] := SingularValues [SpannerMatrix] [1] [k];

SVDorthospanners = Table[SVDperpframe[k], {k, 1, Sdim}]
{{-0.664447, 0.0647266, 0.722315, -0.12607, 0.129178},
{-0.56824, -0.00449699, -0.33515, 0.567207, -0.492985},
{0.044793, -0.796348, 0.121303, 0.446535, 0.386931}}
Notice that the two orthonormal bases for S are not at all the same.
Do you have a problem with this? Why or why not?
Put answer here.
= Above you see three bases of S:
| spanners
{{1.73807, 0.614698, -0.853813, -0.904092, 0.0600066},
{1.77816, -0.949775, -1.66629, 0.700381, 0.10785},
{0.145862, 0.439675, -1.6859, 0.727102, -1.19288}}
| gramorthospanners
{{0.781305, 0.276322, -0.383811, -0.406412, 0.0269745},
{0.272718, -0.599968, -0.483704, 0.575151, 0.0299107},
{-0.285625, 0.449515, -0.517204, 0.202585, -0.638603}}
| svporthospanners
{{-0.664447, 0.0647266, 0.722315, -0.12607, 0.129178},
{-0.56824, -0.00449699, -0.33515, 0.567207, -0.492985},
{0.044793, -0.796348, 0.121303, 0.446535, 0.386931}}
Each of the three bases of S contains the same number of vectors.
Why was that guaranteed to happen?
Put answer here.
m Each of these three bases for S gives rise to a spanner matrix for S:

SpannerMatrixl = Transpose [spanners];
MatrixForm[SpannerMatrixl]

1.73807 1.77816 0.145862
0.614698 -0.949775 0.439675
-0.853813 -1.66629 -1.6859
-0.904092 0.700381 0.727102
0.0600066 0.10785 -1.19288

SpannerMatrix2 = Transpose [gramorthospanners];
MatrixForm[SpannerMatrix2]

0.781305 0.272718 -0.285625
0.276322 -0.599968 0.449515
-0.383811 -0.483704 -0.517204
-0.406412 0.575151 0.202585
0.0269745 0.0299107 -0.638603

SpannerMatrix3 = Transpose [SVDorthospanners];
MatrixForm[SpannerMatrix3]

-0.664447 -0.56824 0.044793
0.0647266 -0.00449699 -0.796348
0.722315 -0.33515 0.121303
-0.12607 0.567207 0.446535
0.129178 -0.492985 0.386931

Now look at the Sprojection matrices coming from each of the bases:

Sprojectionl = SpannerMatrixl.PseudoInverse [SpannerMatrixl];
MatrixForm[Sprojectionl]

0.766394 -0.0761229 -0.284061 -0.218541 0.211633
-0.0761229 0.63838 -0.0483393 -0.366308 -0.297553
-0.284061 -0.0483393 0.64878 -0.226996 0.305467
-0.218541 -0.366308 -0.226996 0.537011 -0.123131
0.211633 -0.297553 0.305467 -0.123131 0.409436
Sprojection2 = SpannerMatrix2.PseudoInverse [SpannerMatrix2];
MatrixForm[Sprojection2]

0.766394 -0.0761229 -0.284061 -0.218541 0.211633
-0.0761229 0.63838 -0.0483393 -0.366308 -0.297553
-0.284061 -0.0483393 0.64878 -0.226996 0.305467
-0.218541 -0.366308 -0.226996 0.537011 -0.123131
0.211633 -0.297553 0.305467 -0.123131 0.409436
Sprojection3 = SpannerMatrix3.PseudoInverse [SpannerMatrix3];
MatrixForm[Sprojection3]

0.766394 -0.0761229 -0.284061 -0.218541 0.211633
-0.0761229 0.63838 -0.0483393 -0.366308 -0.297553
-0.284061 -0.0483393 0.64878 -0.226996 0.305467
-0.218541 -0.366308 -0.226996 0.537011 -0.123131
0.211633 -0.297553 0.305467 -0.123131 0.409436

Study the outputs and explain why you could have predicted the results in advance.
Put answer here.

m Keep everything the same as above and throw in this random 5D vector X.
I X = Table [Random[Real, {-2, 2}], {k, 1, dim}]
{0.672156, 1.70537, 0.980987, 0.984557, 1.7139}
Look at these calculations:

SpannerMatrix = Transpose [spanners];
Sprojection = SpannerMatrix .PseudoInverse [SpannerMatrix];
SclosestX = Sprojection.X

{0.254211, 0.119456, 0.663125, -0.67658, 0.514976}

m = Length[GramSchmidt [spanners]];

m
Z (X.gramspanner [k]) gramspanner [k]

k=1
{0.254211, 0.119456, 0.663125, -0.67658, 0.514976}
Sdim

Z (X.svDperpframe [k]) SVDperpframe [k]

k=1

{0.254211, 0.119456, 0.663125, -0.67658, 0.514976}

Surely these outcomes were not accidents.
Explain why they were not accidents.

G.7) Some features of Sprojection matrices

O0G.7.a) Sprojection.Sprojection = Sprojection
Here's a spanning set for a random subspace S of 6D:

Clear[a, i, j, spanner];

a[i_, j_] := Random[Real, {-3, 3}];
spanner[i_] := Table[a[i, j1, {j, 1, 6}];
number = Random|[Integer, {2, 5}];
spanners = Table[spanner[i], {i, 1, number}]

{{-0.900351, 1.08498, -1.30847, -2.82753, -0.507449, -2.83706},
{2.97225, 1.52861, 2.40254, -2.50431, 1.39691, 1.02804},
{-1.64803, 0.333917, -1.82189, -2.63147, -2.11918, 2.24326},
{2.96744, -0.639706, -1.67723, -2.22822, -1.50939, -0.21056}}

The Sprojection matrix for this subspace S of 6D is:

SpannerMatrix = Transpose[spanners];
Sprojection = SpannerMatrix.PseudoInverse [SpannerMatrix] ;
MatrixForm[Sprojection]

0.958848 -0.167704 0.0695131 -0.0753048 0.0258702 -0.012711
-0.167704 0.308596 0.231961 -0.315113 0.175711 -0.0355505
0.0695131 0.231961 0.552048 0.0742257 0.408945 0.126126
-0.0753048 -0.315113 0.0742257 0.853706 0.119892 -0.00648586
0.0258702 0.175711 0.408945 0.119892 0.363865 -0.135328

-0.012711 -0.0355505 0.126126 -0.00648586 -0.135328
Now look at Sprojection.Sprojection:

0.962937

| MatrixForm[Sprojection.Sprojection]



0.958848 -0.167704 0.0695131 -0.0753048 0.0258702 -0.012711
-0.167704 0.308596 0.231961 -0.315113 0.175711 -0.0355505
0.0695131 0.231961 0.552048 0.0742257 0.408945 0.126126
-0.0753048 -0.315113 0.0742257 0.853706 0.119892 -0.00648586
0.0258702 0.175711 0.408945 0.119892 0.363865 -0.135328
-0.012711 -0.0355505 0.126126 -0.00648586 -0.135328 0.962937

It turned out that
Sprojection.Sprojection = Sprojection.
Explain why this happened and why this will always happen.

Click on the right for a little tip.
Given a 6D vector X, you know that Sprojection.X is the closest member of S to X.
So the problem boils down to explaining why
Sprojection.(Sprojection.X) = Sprojection.X
for all 6D vectors X.

0G.7.b) Sprojection is also a SpannerMatrix for S. In other words, the columns of
Sprojection span S
Here's a spanning set for a random subspace S of randomD:
dim = Random[Integer, {3, 5}];

Clear[j, k, spanner];
number = Random[Integer, {2, 5}];

spanners =
Table [spanner [k] = Table[Random[Real, {-2, 2}], {j, 1, dim}],
{k, 1, number}]
{{1.48208, -0.2088, 1.86605, -0.255352},
{-0.179617, -0.317425, 1.88456, 0.725578}}
The dimension of this subspace S is:

SpannerMatrix = Transpose[spanners];
Sdim = Length[SingularValues [SpannerMatrix][[2]]]

2
The Sprojection matrix for S is:

Sprojection = SpannerMatrix .PseudoInverse [SpannerMatrix];
MatrixForm[Sprojection]

0.762344 0.0262675 0.136649 -0.40226
0.0262675 0.024142 -0.138396 -0.060956
0.136649 -0.138396 0.905806 0.217934
-0.40226 -0.060956 0.217934 0.307709

Why are you guaranteed that each vertical column of Sprojection is in S?
Why are you guaranteed that the set of vertical columns of Sprojection is a spanning set
for S?

0G.7.c) (dimension of S) = (rank of Sprojection).

Here's a spanning set for a random subspace S of randomD:
dim = Random[Integer, {3, 5}];
Clear[j, k, spanner];
number = Random[Integer, {2, dim - 1}];

spanners =
Table [spanner [k] = Table[Random[Real, {-2, 2}], {j, 1, dim}],
{k, 1, number}]
{{0.218689, -0.647887, -1.04672, -1.95978, -0.682624},
{1.1295, -1.83213, 1.79453, -1.26984, 1.63399}}
The dimension of this subspace S is:
SpannerMatrix = Transpose [spanners];
Sdim = Length[SingularValues [SpannerMatrix][[2]]]
2
The Sprojection matrix for S is:
Sprojection = SpannerMatrix.PseudoInverse [SpannerMatrix];
MatrixForm[Sprojection]

0.108145 -0.182104 0.140027 -0.160666 0.133668

-0.182104 0.321048 -0.167272 0.354773 -0.175985

0.140027 -0.167272 0.50715 0.192544 0.406556

-0.160666 0.354773 0.192544 0.731141 0.0884496

0.133668 -0.175985 0.406556 0.0884496 0.332515
Now look at this calculation of the rank of

Sprojection:

| rankSprojection = Length[SingularValues [Sprojection][[2]]]
2
| sdim == rankSprojection
True
Rerun all five cells a couple of times.
It turned out that
dimension of S = (rank of Sprojection).
Was this an accident?
If not, try to explain why it had to happen this way.

O0G.7.d) Sprojection = Sprojection*

Here's a spanning set for a random subspace S of 5D:

dim=5;
Clear[j, k, spanner];
number = Random[Integer, {2, 4}];
spanners =
Table [spanner [k] = Table [Random[Real, {-2, 2}], {j, 1, dim}],
{k, 1, number}]

{{-1.81042, 0.221002, 1.84831, 1.11947, 1.19584},
{-1.63862, -1.63377, -0.671731, 1.32979, 0.616727},
{0.545845, 1.64569, 1.44523, 1.89115, -1.67284}}

Here is the Sprojection matrix calculated through SVD of the SpannerMatrix:
This calculation is explained in B.2)
dim = Length[SingularValues [SpannerMatrix][[2]]];
Clear [hangerframe, rankOne];
aligner = SingularValues [SpannerMatrix][[1]];
stretcher = IdentityMatrix[dim];
hanger = Transpose [SingularValues [SpannerMatrix][[1]]];

Sprojection = hanger.stretcher.aligner;
MatrixForm[Sprojection]

0.108145 -0.182104 0.140027 -0.160666 0.133668
-0.182104 0.321048 -0.167272 0.354773 -0.175985
0.140027 -0.167272 0.50715 0.192544 0.406556
-0.160666 0.354773 0.192544 0.731141 0.0884496
0.133668 -0.175985 0.406556 0.0884496 0.332515
Now look at this calculation of
Sprojection':
| MatrixForm[Transpose [Sprojection]]
0.108145 -0.182104 0.140027 -0.160666 0.133668
-0.182104 0.321048 -0.167272 0.354773 -0.175985
0.140027 -0.167272 0.50715 0.192544 0.406556
-0.160666 0.354773 0.192544 0.731141 0.0884496
0.133668 -0.175985 0.406556 0.0884496 0.332515

Rerun all four cells a couple of times.

It turned out that
Sprojection = Sprojection'.
Was this an accident?
If not, try to explain why it had to happen this way.

Click on the right for a tip.
When you make the Sprojection, you use the same perpendicular frame for your aligner

frame and the hanger frame.

0G.7.e) SVD stretch factors of Sprojections

Here's a spanning set for a random subspace S of 8D:

Clear[a, i, j, spanner];

a[i_, j_] := Random[Real, {-3, 3}];

spanner[i_] := Table[a[i, j], {j, 1, 8}];

number = Random[Integer, {4, 6}];

spanners = Table[spanner[i], {i, 1, number}]

{{0.440372, 0.737925, 2.7764, 1.51467, 1.74612, 0.486113,
-2.9154, 0.419431}, {2.29513, 0.201742, -0.246904,
0.646965, -2.38407, 1.40798, -0.788967, 0.0976243},
{1.62352, 2.41329, 1.28594, 2.27886, 2.15498, -2.75456,
1.44922, 1.78812}, {-1.28539, -0.492486, 1.67282,
-2.72655, -0.0315115, 2.0214, 1.58822, -0.145979}}

The Sprojection matrix for this subspace S of 6D is:

SpannerMatrix = Transpose[spanners];
Sprojection = SpannerMatrix.PseudoInverse [SpannerMatrix] ;
MatrixForm[Sprojection]

0.560637 0.228262 0.0534527 0.259403 -0.303316 0.0654813
0.228262 0.219769 0.184156 0.146731 0.0764704 -0.0978725
0.0534527 0.184156 0.704646 -0.0758595 0.257922 0.270826

0.259403 0.146731 -0.0758595 0.44784 0.0630231 -0.257222
-0.303316 0.0764704 0.257922 0.0630231 0.563579 -0.269054
0.0654813 -0.0978725 0.270826 -0.257222 -0.269054 0.545222

0.0299292 0.142266 -0.0441816 -0.276871 -0.046363 -0.136243
0.163978 0.168099 0.154182 0.076891 0.0554463 -0.0602155

The non-zero SVD stretch factors of Sprojection are:
I stretches = SingularValues [Sprojection] [[2]]
(1., 1., 1., 1.}
It turned out that the SVD stretch factors of this Sprojection matrix are all either O or 1.

Explain this bold statement:
If S is any subspace of kD, then it is sure that the SVD stretch factors of the corresponding
Sprojection matrix are all either O or 1.

0G.7.f) Slprojection.S2Projection

You are given two subspaces S1 and S2 of kD.

mWhat relationship between S1 and S2 do you get if it turns out that
S2Projection.S 1 Projection = S2Projection?

Put answer here.

mWhat relationship between S1 and S2 do you get if it turns out that

S2Projection.S1Projection = S1Projection?
Put answer here.



G.8) S1+S2,S1(N S2 and related issues

O0G.8.a.i)) S1+8S2

A subspace S1 of 7D is specified by the following spanning set:
Clear[i, spannerl];
spannerl[1l] = {0.0, -0.3, -0.2, O.
spannerl[2] = {0.9, 0.8, 0.7, 0.4, 0.0, -0.1, 0.0};
spannerl[3] = {-0.5, -0.3, 0.9, 0.4, -0.3, 0.2, -0.5};
spannerl[4] = {1.4, 0.8, -0.4, 0.2, 0.7, 0.1, 1.};
spannerl1[5] = {1.0, 1.0, 0.0, 0.0, 0.0, 0.0, 1.0};
spannersl = Table[spannerl[i], {i, 1, 5}]
{{0, -0.3, -0.2, 0.2, 0.4, 0.4, 0.5}, {0.9, 0.8, 0.7, 0.4, 0, -0.1, 0},
{-0.5, -0.3, 0.9, 0.4, -0.3, 0.2, -0.5},
{1.4, 0.8, -0.4, 0.2, 0.7, 0.1, 1.}, {1.,1.,0,0,0,0, 1.}}

Another subspace S2 of 7D is specified by the following spanning set:
Clear[j, spanner2];
spanner2[1l] = {0.2, -0.5, -0.3, 0.4, 0.4, -0.8, 0};
spanner2[2] = {0.4, 0.2, 1.4, 1., 0.1, 0.5, 0};
spanner2[3] = {0.0, 0.0, 1.0, 0, -1.0, 0.5, 0.0};
spanner2[4] = {0.3, 0, -0.2, 0.2, 0.4, 0.4, 0.8};
spanner2[5] = {-4.3, -2.5, 3.5, 0.8, -2.3, 0.4, -3.5};
spanners2 = Table[spanner2[j], {j, 1, 5}]
{{0.2, -0.5, -0.3, 0.4, 0.4, -0.8, 0}, {0.4, 0.2, 1.4, 1., 0.1, 0.5, 0},
{0, 0,1.,0, -1., 0.5, 0}, {0.3, 0, -0.2, 0.2, 0.4, 0.4, 0.8},
{-4.3,-2.5,3.5,0.8, -2.3, 0.4, -3.5}}

= Calculate:

The dimension of S1, the dimension of S2 and the dimension of S1 + S2.

Put answer here.

= Exhibit an orthonormal basis of S1 + S2.

And come up with the Sprojection matrix for S1 + S2.

O0G.8.a.ii) S1N S2

Stay with the same subspaces S1 and S2 of 7D defined in the last part.

Come up with an orthonormal basis for S1 (1) S2 and use the result to calculate the
dimension of S1 () S2.
Come up with the S1(S2Projection matrix.

2,0.4, 0.4, 0.5};
0
4

0G.8.a.iii) In S2 but also in (S1 N S2)*

Go back and look at your work in part ii).
See whether it produced, as a by- product a non-zero vector that is In S2 but perpendicular
to everything in
S1(S2.
Identify this vector and say how you know it meets the specifications.

G.9) Alien plots coming from projections of highD surfaces onto three
dimensional subspaces

0G.9.a) f[s,t] = {Sin[s] Cos[t], Sin[s] Sin[t], Cos[s],Cos[t],Sin[t]}
Here's a 5D function fs,t]:
Clear[f, s, t];
f[s_, t_] = {Sin[s] Cos[t], Sin[s] Sin[t], Cos[s], Cos[t], Sin[t]}
{Cos[t] Sin[s], Sin[s] Sin[t], Cos[s], Cos[t], Sin[t]}
Note the five slots.
Look at
f[s, t].f[s, t]:
| simplify[f[s, t].£f[s, t]]
2
=What does this calculation tell you about where f[s,t] plots out in 5D?
Put answer here.
Stay with the same 5D function f[s,t]:
Clear[f, s, t];
f[s_, t_] = {Sin[s] Cos[t], Sin[s] Sin[t], Cos[s], Cos[t], Sin[t]}
{Cos[t] Sin[s], Sin[s] Sin[t], Cos[s], Cos[t], Sin[t]}
When you run s and t from O to 2 Pi or (other choices you find revealing), you get a 5D
surface which is piece of a 5D sphere centered at {0,0,0,0,0}.

Generate some random 3D subspaces of 5D and plot the projections of this 5D surface
onto them.

Make a gallery of some of the really interesting ones you see.

You might want to cut back the plotting intervals on s and t.

0G.9.b) Trying to plot a 6D function
Here's a 6D function f[s,t]:
Clear[f, s, t];
£[s_, t_] = {Sin[s] Cos[t], Sin[s] Sin[t],
Cos[s], Sin[t] Cos[s], t +Sin[t] , Cos[t]}

{Cos[t] Sin[s], Sin[s] Sin[t],
Cos[s], Cos[s] Sin[t], t+Sin[t], Cos[t]}
Note the five slots.

Look at
f[s, t].f[s, t]:
| simplify[f[s, t].f[s, t]]
% +t2 - % Cos[2s] +2tSin[t] +Cos[s]? (1+8Sin[t]?)
This tells you that f[s,t] does not plot out on the surface of a 6D sphere centered at
{0,0,0,0,0,0}.
Still,when you run s and t from O to 2 Pi or (other choices you find revealing), you get a
6D surface.
Generate some random 3D subspaces of 6D and plot the projections of this 6D surface
onto them.
Make a gallery of some of the really interesting ones you see.
You might want to cut back the plotting intervals on s and t.

0G.9.c) Turn yourself loose - soar with the eagles

Come up with the most interesting plot you can by making 4D,5D or 6D function f[s,t]
(not necessarily plotting out on a sphere) and projecting its plot onto a 3D subspace of
your own choice.

The wilder, the better.

G.10) Describing some subspaces

0G.10.a) The vectors of the form {x, y, z, w} withx =y
constitute a subspace of subspace S of 4D

Some folks like to specify subspaces qualitatively.

For instance the vectors of the form
{x,y,z, w} withx=y

constitute a subspace of subspace S of 4D.

A spanning set for S is:
Clear([s, i, spanner];
spanner[1l] = {1.0, 1.0, 0.0, 0.0};
spanner[2] = {1.0, 1.0, 1.0, 0.0};
spanner [3] = {1.0, 1.0, 0.0, 1.0};
spanners = Table[spanner[i], {i, 1, 3}];

ColumnForm[spanners]
{1., 1., 0, 0}
(1., 1., 1., 0}
{1.,1.,0, 1.}

Here are some random members of S:
a=1;

Clear([x];

x[i_] := Random[Real, {-a, a}]

Length[spanners]
x[i] spanner[i]
i=1
{-0.557285, -0.557285, -0.393447, -0.388291}
a=3;
Clear([x];
x[i_] := Random[Real, {-a, a}]

Length[spanners]
x[i] spanner[i]
i=1
{2.67617, 2.67617, 0.0574317, 0.411682}
a=5;
Clear[x];
x[i_] := Random[Real, {-a, a}]

Length[spanners]
x[i] spanner[i]

inl

{5.27906, 5.27906, -1.48428, 2.38985}
Come up with a perpendicular frame that spans S.
=Use the result to determine the dimension of S.
Put answer here.

*Go with this 4D X:
] x={1.0, 3.0, 1.53, 0.78}
{1., 3., 1.53, 0.78}
Come up with the member of S that is closest to X.

0G.10.b) The vectors of the form

{y[1], y[2], y[3], y[4], y[S]} with y[1] = 0
constitute a subspace S of 5D

The vectors of the form
{y[1], y[2], y[3], y[4], y[5]} with y[1] = 0.
constitute a subspace S of 5D.
= Give a spanning set for S.
Put answer here.

= Give perpendicular basis for S.
Put answer here.



= Go with this 5D X:
| x=(1.2, -3.6, 1.53, 0.78, 12.0}
(1.2, -3.6, 1.53, 0.78, 12.}

Come up with member of S that is closest to X.

0G.10.c) The vectors of the form
{y[1], y[2], y[3], y[4], y[SI}
with
1.5y[1]1-2.7y[5]=0
and
1.3y[1]1+0.7y[2] -3.1y[3]1=0
constitute a subspace S of 5D.

The vectors of the form

{y[1], y[2], y[3], y[4], y[51}
with

1.5y[1]-2.7y[5] =0
and

1.3y[1]1+0.7y[2] -3.1y[3] =0
constitute a subspace S of 5D.
*Give a spanning set for S.
Put answer here.

Click on the right for a huge tip.
S is made of vectors of the form

{y[11. y[21. y[3]. y[4]. y[5]}
with

1.5y[1]1-2.7 y[5] =0
and

1.3y[11+0.7y[2] -3.1y[3] =0

Look at this matrix :

1.5 0 0 0 -2.7)

A={1.3 0.7 3.1 0 o /7

MatrixForm[A]

1.5 0 0 0 -2.7
(1.3 0.7 -3.1 0 0 )

Check this out:

Clear|[y];
ColumnForm[Thread[A.{y[1], y[2], v[3], y[4], ¥[5]} == {0, 0}]]
1.5y[1] -2.7y[5] ==
1.3y[1]+0.7y[2] -3.1y[3] ==0
Now look at:

| wulispace[a]
{{-0.823117, 0.074162, -0.328432, 0, -0.457287},
{0, 0,0,1.,0}, {0, 0.975441, 0.220261, 0, 0}}
*Then give an orthonormal basis (spanning set) for S.
Put answer here.
=Calculate the dimension of S.

0G.10.d) Another one

The vectors of the form
{y[1], yI2], y[3], y[4], y[5], y[6]}
with
{1.2,-0.7, 3.0, 0.0, =4.0, 3.0} * {y[1], y[2], y[3], y[4], y[5], y[6]} = O,

{0.5,-05,0.5,0.3, 3.2, - 1.7} « {y[1], y[2], y[3], y[4], y[5], y[6]} = O

and
{0.6,0.2, —1.8, 0.0, 5.2, 0.8} » {y[1], y[2], y[3], y[4], y[5], y[6]} =0

constitute a subspace S of 6D.

Give a spanning set for S.

Exhibit some members of S.

Then give an orthonormal basis (spanning set) for S.
Calculate the dimension of S.

0G.10.e.i) Do the vectors of the form

{y[1], yI21, y[3], y[41}
with

yI1] +y[2] = 15.9
constitute a subspace of 4D?

Do the vectors of the form
{y[1], y[2], y[3], y[4]}
with
yl1l1+y[2] =159
constitute a subspace of 4D?
If your answer is yes, then give a perpendicular spanning set for this subspace.
If your answer is no, then say why the vectors described above do not constitute a
subspace of 4D.

Click on the right for a tip.
{0,0,0,0} is in every subspace of 4D.

0G.10.e.ii) Do the vectors of the form

{y[1], y[2], y[3], y[4]}
with

yl21=ynp
constitute a subspace of 4D?

Do the vectors of the form
{y[11. y[2]. y[3]. y[41}
with
yl2l=yip
constitute a subspace of 4D?
If your answer is yes, then give a perpendicular spanning set for this subspace.
If your answer is no, then say why the vectors described above do not constitute a
subspace of 4D.

G.11) When you hit a whole subspace with a matrix, you get another

subspace

0OG.11.a.i) A hitting a subspace with a matrix
Go with a random subspace S of 6D specified via the following spanning set:

Clear [spanner, j];

spanner[1l] = Table[Random[Real, {-3, 3}], {j, 1, 6}];
spanner [2] = Table[Random[Real, {-3, 3}]1, {j, 1, 6}];
spanner [3] = Table[Random[Real, {-3, 3}]1, {j, 1, 6}];
spanner[4] = Table[Random[Real, {-3, 3}1, {j, 1, 6}];
spanners = Table[spanner[j], {j, 1, 4}]1;

ColumnForm [spanners]

{0.998391, -1.66185, -0.169426, 2.27893, 0.752951, -0.111068}

{1.04245, 0.564322, -1.75456, 1.21611, 0.769, -2.40417}

(-0.775964, 2.62788, -2.08502, -0.0775243, -2.59562, 0.792756}

{-1.29208, 2.86504, -0.00730527, 1.16866, 2.59849, -1.56887}
The spanner matrix is:

SpannerMatrix = Transpose[spanners];

MatrixForm[SpannerMatrix]

0.998391 1.04245 -0.775964 -1.29208
-1.66185 0.564322 2.62788 2.86504

-0.169426 -1.75456 -2.08502 -0.00730527
2.27893 1.21611 -0.0775243 1.16866

0.752951 0.769 -2.59562 2.59849
-0.111068 -2.40417 0.792756 -1.56887
The subspace S consists of all possible hits with the spanner matrix:
hitdim = 4;

Clear([x, jl;
X = Table[x[j], {j, 1, hitdim}];

SpannerMatrix.X

{0.998391 x[1] + 1.04245 x[2] - 0.775964 x[3] 1,
-1.66185x[1] + 0.564322 x[2] +2.62788 x[3] +2.86504 x[4],
-0.169426 x[1] - 1.75456 x[2] - 2.08502 x[3] - 0.00730527 x[4],
2.27893 x[1] +1.21611x[2] -0.0775243 x[3] +1.16866 x[4],
0.752951 x[1] + 0.769 x[2] - 2.59562 x[3] +2.59849 x[4],
-0.111068 x[1] -2.40417 x[2] + 0.792756 x[3] - 1.56887 x[4]}

Here comes a random matrix which hits on 6D and hangs in 7D.

3] -1.29208 x[4
3 4
3
3

Clear[a, i, jl;

hitdim = 6;

hangdim = 7;

a[i_, j_] := Random[Real, {-2, 2}];

A =Table[a[i, j], {i, 1, hangdim}, {j, 1, hitdim}];
MatrixForm[A]

1.32954 -0.112994 -0.154722 -0.565197 -1.17243 1.96105
1.15031 1.05859 1.99728 -0.849687 -1.36236 0.661366
0.514587 -0.60161 -1.97234 -1.28695 0.245002 0.869886
0.889043 -1.19698 -1.75013 -1.90922 1.15672 1.84893
-1.07966 0.203773 -0.688563 0.414127 -1.90723 0.242721
0.161126 1.35554 -1.90451 -0.907591 -0.476517 -1.30583
-0.419096 1.69402 -0.504176 1.98112 1.3359 -1.17587
When you hit everything in S with A you get everything of the form:

I A.SpannerMatrix.X

{-0.847249 x[1] -4.70995 x[2] + 3.63563 x[3] -8.82417 x[4],
~3.98477 x[1] - 5.37882x[2] +1.85122 x[3] - 4.03864 x[4],
~0.997305 x[1] +0.189512 x[2] + 2.28556 x[3] - 4.60622 x[4],
~0.512061 x[1] - 2.55543 x[2] - 1.57497 x[3] - 6.69157 x[4],
~1.81915x[1] - 1.34896 x[2] + 7.91971 x[3] - 2.86889 x[4],
~4.05125 x[1] +5.94376 x[2] + 7.68013 x[3] + 3.43918 x[4],
2.50311x[1] +7.66724 x[2] +1.27485 x[3] + 13.03 x[4]}



This results in a subspace AS of 7D. Use the matrix product

product = A.SpannerMatrix;
MatrixForm[product]

-0.847249 -4.70995 3.63563 -8.82417
-3.98477 -5.37882 1.85122 -4.03864
-0.997305 0.189512 2.28556 -4.60622
-0.512061 -2.55543 -1.57497 -6.69157
-1.81915 -1.34896 7.91971 -2.86889
-4.05125 5.94376 7.68013 3.43918
2.50311 7.66724 1.27485 13.03

to come up with a spanning set for AS.

Calculate the dimension of S and calculate the dimension of AS.

0OG.11.a.ii) Hitting another subspace with another matrix
Go with a random subspace S of SD specified via the following spanning set:
Clear[spanner, j];
spanner[1l] = Table[Random[Real, {-3, 3}], {j, 1, 5}];
spanner[2] = Table[Random[Real, {-3, 3}], {j, 1, 5}];
spanner[3] = Table[Random[Real, {-3, 3}], {j, 1, 5}];
spanners = Table[spanner([j], {j, 1, 3}];

ColumnForm [spanners]
{0.910172, 1.76716, 1.62904, -1.89997, 2.1751}
{1.99376, 0.24854, 0.794373, 0.207945, -1.62743}
{0.109389, -2.56971, 2.96625, -0.660736, -0.0338477}
Here comes a matrix A which hits on 5D and hangs in 4D.
2.0 0.5 0.0 4.0 0.0
1.0 0.0 -0.8 0.6 O.
3.0 -0.4 1.3 -0.4 oO.
4.5 1.0 -0.4 8.3 oO.
MatrixForm[A]

= NN

2. 0.5 0 4. 0
1. 0 -0.8 0.6 0.2
3. -0.4 1.3 -0.4 0.7
4.5 1. -0.4 8.3 0.1

When you hit everything in S with A you get a subspace AS of 4D .
Calculate the dimension of S and calculate the dimension of AS.

0G.11.b) General questions

When you hit a subspace S of kD with a matrix A that hits on kD and hangs in nD, you get
a subspace of AS of nD.

Give your reactions to the following questions.

No explanation is required but if you want to throw one in please do.

m [s it possible for the dimension of AS to be greater than the dimension of S?

Put response here.

m If S is contained in the null space N[A] of A, what to you expect the dimension of AS to
be?

Put response here.

m |5 it possible for the dimension of AS to be strictly less than the dimension of S?

Put response here.

= If S (N N[A] = {0,0,...,0},what to you expect the dimension of AS to be?

Put response here.

m If A is of full rank, how do you express the dimension of AS in terms of the dimension
of §?

Put response here.

G.12) The perpendicular complement of a subspace of kD

0G.12.a) Vector in S™ closest to X

Go with a random subspace S of 7D specified via the following spanning set:
Clear[spanner, j];
spanner[1] = Table[Random[Real, {-3, 3}], {j, 1, 7}];
spanner[2] = Table[Random[Real, {-3, 3}]1, {j, 1, 7}];
spanner[3] = Table[Random[Real, {-3, 3}]1, {j, 1, 7}];
spanner[4] = Table[Random[Real, {-3, 3}], {j, 1, 7}];
spanners = Table[spanner([j], {j, 1, 4}];

ColumnForm [spanners]
{1.79168, 0.681031, -1.702, -2.4052, 2.25065, -1.56271, -1.67368}
{-1.40906, 1.01445, 0.527122, -0.440837, -0.038102, -0.0855822, 1.3520
{0.565401, 2.71336, 2.12005, -1.85592, -0.80717, -0.396031, 1.68975}
{-1.82218, 2.85357, 2.63782, 2.89808, 0.496792, 1.55556, 2.04302}
Here is a random 7D vector X:
| X = Table[Random[Real, {-3, 3}1, {j, 1, 7}]
{-2.35257, -0.940503, 0.229243,
0.452078, -0.367022, 1.53238, -2.32992}
The vector in S that is closest to X is:

SpannerMatrix = Transpose [spanners];
Sprojection = SpannerMatrix .PseudoInverse [SpannerMatrix];
SclosestX = Sprojection.X
{-1.0929, -1.30624, -0.637675,
1.36074, -0.044044, 0.508445, -0.164129}

Come up with the vector in S that is closest to X.

0G.12.b.i) X - Sprojection.X is in S*

When you go with a subspace S of kD, you can take any kD vector X and find the vector
Sclosest in S that is closest to X by setting
SclosestX = SprojectionX.
This makes it automatic that
X - SclosestX =X - Sprojection.X
isin S™.
Why is this automatic?
O0G.12b.ii) S+S™

When you go with a subspace S of kD, you can take any kD vector X and find the vector
Sclosest in S that is closest to X by setting

SclosestX = SprojectionX.
This makes it automatic that

X - SclosestX =X - Sprojection.X
isin ™.
When you rearrange this you get

X =XS + XperpS.

with XS = SclosestX and XperpS .

What does this tell you about S + S ?
How does this reveal that the dimension of
S =k - dimension of S?

O0G.12.c) NullSpace[A] and RowSpace[A]

Here is a random matrix A hitting on 8D and hanging its hits in 5D:
A = Table[Random[Real, {-4, 4}], {i, 1, 5}, {j, 1, 8}1;
MatrixForm[A]

-3.34643 3.62475 -3.75953 0.139572 -2.96424 -3.20198 2.7150:
1.5638 -1.45499 1.1446 -2.58896 2.04672 -1.31909 -3.5177
3.32269 -2.18232 1.73622 3.0313 -1.28008 2.30704 3.6930¢

-1.93366 2.68229 3.45258 -2.00171 -2.96942 1.88427 -3.2624

-0.533223 -0.660743 -0.407057 3.37145 1.42006 -3.34166 -0.8892"
An SVD aligner frame for A is:
I SingularValues [A][[3]]

{{-0.516007, 0.505419, -0.209079,
~0.249287, -0.278338, -0.2534, -0.151165, -0.455956},
{0.086703, -0.0580927, 0.481643, -0.45405, 0.119917, 0.261171,
~0.671772, -0.130764}, {-0.0193193, -0.205254, -0.314209,
~0.00545737, 0.579186, -0.626672, -0.357199, 0.0545438},
(-0.125541, 0.019966, 0.471383, 0.763774, -0.142242, -0.23145,
-0.280196, -0.161173}, {0.5975, -0.181492, 0.14264,
-0.217466, -0.346644, -0.481469, 0.171143, -0.401437}}
This perpendicular frame is an orthonormal basis for a subspace of 8D which folks call the
row space of A..
An orthonormal basis for the nullspace of A is:
I NullSpace[A]
{{-0.594204, -0.627426, 0.305898, -0.229632,
-0.0781397, -0.156704, 0.276155, 0.00548714},
{0, 0.45065, 0.499638, -0.112589, 0.552225, -0.149312,
0.449752, -0.0712474}, {0, 0.262605, 0.199547,
-0.188722, -0.348192, -0.377662, -0.109284, 0.761443}}
Go to the Tutorials and find the relationship between the row space of A and the null space
of A.



